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Abstract

Bayesian additive regression trees (BART) provide a class of flexible non-

parametric regressions in machine learning. Their rich tree-based structure can

generate non-Donsker classes of regression functions. We study posterior in-

ference for the population mean under missing at random. We derive a new

Bernstein–von Mises (BvM) theorem showing that even a one-step posterior

based on BART and Bayesian-bootstrap reweighting retains a non-negligible

bias term in the non-Donsker regime. To remove this term, we introduce Ro-

BART, a posterior correction that adjusts each draw using pilot estimators of

the outcome regression and propensity score. We prove a BvM theorem for the

corrected posterior and develop a cross-fitted version using fold-specific pos-

teriors. We provide primitive assumptions tailored to BART. We show that

the posterior mean coincides exactly with the conventional augmented inverse-

probability-weighted (AIPW) estimator and, under cross-fitting, with the cor-

responding double machine learning (DML) estimator. RoBART therefore pro-

vides a posterior distribution with asymptotically valid uncertainty quantifica-

tion around this well-established frequentist center. Simulations and an empir-

ical illustration demonstrate competitive finite-sample performance relative to

existing methods.
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1 Introduction

Bayesian additive regression trees (BART) is one of the most powerful statistical methods

(Chipman et al., 2010). Its empirical success in predictive modeling has been demonstrated

in numerous studies. In the context of nonparametric function estimation, BART achieves

adaptive, near rate-minimax posterior contraction, as shown by Linero and Yang (2018);

Ročková and van der Pas (2020); Ročková (2020); Jeong and Ročková (2023). Beyond pre-

diction, BART has also shown strong performance in semiparametric inference for causal

parameters of interest (Dorie et al., 2019; Hahn et al., 2020). However, a theoretical justifi-

cation for semiparametric inference based on BART under reasonable regularity conditions

is still developing.

The difficulty arises partly from the structure of tree-based methods. BART represents

regression functions through ensembles of piecewise-constant trees and is therefore intrinsi-

cally nonsmooth. For Hölder-type function classes, standard Donsker conditions typically

require smoothness exceeding one-half of the covariate dimension. Such conditions become

increasingly restrictive in moderately high-dimensional settings and are particularly diffi-

cult to reconcile with piecewise-constant tree priors. At the same time, flexible nuisance

estimation is essential in missing-data and causal-inference problems (Chernozhukov et al.,

2017, 2018; Athey and Wager, 2021), where misspecification of the outcome regression may

lead to invalid inference. Our objective is to establish valid posterior inference for the

finite-dimensional parameter of interest when the nuisance regression is modeled by BART

in a non-Donsker regime where existing theory does not apply. While augmented inverse-

probability-weighted (AIPW) estimation, combined with cross-fitting and flexible nuisance

estimation as in double machine learning (DML), already provides robust frequentist point

estimation in this setting, our focus is on valid posterior uncertainty quantification around

the same center.

We consider estimation of the population mean under missing at random and sub-

sequently extend the construction to average treatment effects (ATE). Starting from the

AIPW representation, we first consider a baseline one-step posterior that combines a BART

posterior for the conditional mean, a pilot estimator of the propensity score, and Bayesian-

bootstrap weights. This construction is a specialization of the one-step posterior of Yiu

et al. (2025), obtained by replacing their posterior for the propensity score with a point

mass at a pilot estimate. We use this one-step posterior as a benchmark for studying

posterior inference with BART. We derive a semiparametric Bernstein–von Mises theorem

for the resulting one-step posterior. The Bernstein–von Mises limit of the one-step BART

posterior is generally shifted by an additional first-order bias term that need not vanish

outside the Donsker regime. The same bias term arises in Breunig et al. (2025a) from a

different posterior construction based on prior adjustment. Thus, two distinct posterior

constructions encounter the same first-order obstruction. We characterize this obstruction

for the one-step BART posterior and remove it by a draw-specific correction.

To remove this term, we introduce robust BART, or RoBART, which applies an ex-

2



plicit correction to each posterior draw using pilot estimators of the conditional mean

and propensity score. The correction is analytically simple and preserves the posterior

variation generated by the BART posterior and the Bayesian bootstrap. We establish a

Bernstein–von Mises theorem for the corrected posterior, yielding
√
n-rate inference and

the semiparametric efficiency bound under product-rate conditions that permit weaker reg-

ularity of the conditional mean function to be offset by stronger regularity of the propensity

score, and vice versa.

An important justification for the correction comes from its posterior mean. Conditional

on the observed data, the posterior mean of the corrected procedure coincides exactly with

the AIPW estimator based on the pilot nuisance estimates. We also develop a cross-fitted

version in which BART posteriors are constructed separately within each evaluation fold

and the corresponding pilot estimators are trained on the complementary observations.

The average of the fold-specific posterior means then coincides exactly with the cross-fitted

AIPW estimator (Robins et al., 1994), which, when combined with machine-learning nui-

sance estimators and cross-fitting, is the DML estimator (Chernozhukov et al., 2018). Thus,

RoBART does not introduce a different point estimator from DML. Rather, it provides a

corrected posterior distribution for uncertainty quantification around the same semipara-

metrically robust center.

Our theoretical results cover both the construction of pilot estimators using an auxiliary

sample and a cross-fitted procedure that uses the full sample. In contrast to standard

empirical-process arguments, the analysis does not require the nuisance-function class to

be Donsker. This feature is particularly relevant for BART because its piecewise-constant

structure limits the smoothness that can be exploited directly. The conditions instead

allow the regularity of the outcome regression and propensity score to compensate for one

another through the familiar product-type rate restriction.

Our RoBART procedure is best viewed as a calibrated Bayesian construction in the

sense of Rubin (1984). It begins with a prior and a posterior for the nuisance function,

but augments the resulting posterior draws with a correction designed to deliver valid fre-

quentist inference. This perspective is also related to the notion of pragmatic Bayesian

procedures discussed by Ritov et al. (2014). The resulting credible intervals retain a poste-

rior interpretation conditional on the observed data, while the Bernstein–von Mises theorem

establishes their asymptotic frequentist validity.

Admittedly, the use of pilot estimation and cross-fitting deviates from the Bayesian

principle in the strict sense. The construction is closely related to the active DML litera-

ture (Chernozhukov et al., 2017, 2018). DML combines debiased moment conditions with

cross-fitting to permit flexible nuisance estimation without relying on restrictive Donsker

conditions. RoBART shares this robustness principle but uses the posterior distribution

generated by a nonparametric Bayesian learner to conduct inference. The exact equiva-

lence of the posterior mean and the corresponding DML estimator clarifies the relationship

between the two approaches: they share the same point-estimation center, whereas Ro-

BART uses the corrected BART posterior and Bayesian-bootstrap variation to quantify
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uncertainty around that center.

Monte Carlo experiments illustrate the more robust performance of RoBART relative

to other Bayesian and frequentist methods. In increasingly complex designs, standard

BART and the one-step BART can exhibit substantial undercoverage, whereas RoBART

maintains coverage closer to the nominal level. Because the posterior mean of RoBART

coincides with the corresponding DML estimator, the comparison between these two focuses

on uncertainty quantification. Using the same folds and nuisance estimates, RoBART yields

better coverage performance than DML, especially for more complex designs. We also apply

RoBART in an empirical illustration.

Related literature. Ray and van der Vaart (2020) use adjusted priors to weaken regu-

larity requirements in semiparametric Bayesian inference. Breunig et al. (2025a) combine

a related data-dependent prior adjustment with an explicit posterior correction and obtain

doubly robust Bayesian inference for the ATE. The present paper addresses a different

problem: inference when the outcome regression is given by a BART posterior whose func-

tion class need not satisfy the Donsker conditions used in existing semiparametric Bayesian

asymptotic theory. In addition, the prior adjustment is difficult to incorporate into BART-

based modeling of the conditional outcome. Starting from the one-step posterior of Yiu

et al. (2025), we characterize the non-negligible bias that appears in this regime. We show

that it coincides with the bias generated by the distinct prior adjustment construction

of Breunig et al. (2025a), and develop a draw-wise correction device to remove it. For

the cross-fitted procedure, we establish a strong equivalence result that shows the posterior

mean after our correction coincides exactly with the corresponding AIPW/DML estimator,

which is new to the literature. The technical contribution is a BvM theorem that justifies

the uncertainty quantification from the corrected posterior distribution under primitive

conditions tailored to BART.

As a general nonparametric regression method, BART achieves adaptive, near rate-

minimax posterior contraction, a major breakthrough due to Linero and Yang (2018);

Ročková and van der Pas (2020); Ročková (2020); Jeong and Ročková (2023). Compared

with the extensive results on the posterior convergence for BART, the corresponding infer-

ential theory is relatively scarce. Ročková (2020) establish a semiparametric BvM theorem

using BART-type priors for a particular type of linear functional of the regression function

under the fixed design. That result requires the Donsker property of the conditional mean.

For Bayesian CART (a single tree rather than a forest), Castillo and Ročková (2021) also

establish a general semiparametric BvM theorem within the Donsker regime.

Organization. The paper is structured as follows. Section 2 describes the missing-data

model together with the identifying assumptions and presents the robust semiparametric

Bayesian procedure. We highlight the strong equivalence between our point estimator and

the AIPW (or DML) estimator. In Section 3, we derive the BvM theorem under high-level

assumptions using pilot estimators from auxiliary data. Section 4 establishes corresponding

results for the cross-fitted version under more primitive conditions for BART. Section 5

provides numerical results via Monte Carlo simulations and an empirical illustration. Proofs
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of the main theoretical results are presented in Appendix A, and the lemmas and auxiliary

results used therein are collected in Appendix B. Appendix C extends the framework to

inference on average treatment effects. Appendix D contains the posterior contraction and

empirical process results for regression trees that are used in the proof of Theorem 8, and

Appendix E provides implementation details of BART.

Notation. We adopt the standard empirical process notation as follows. For a function

h of a random vector Z that follows distribution P , we let P [h] =
∫
h(z) dP (z),Pn[h] =

n−1
∑n

i=1 h(Zi), and Gn[h] =
√
n (Pn − P ) [h]. We further write P∗n[h] =

∑n
i=1Wnih(Zi)

for the bootstrap empirical measure induced by the Bayesian-bootstrap weights W (n) =

(Wn1, . . . ,Wnn)>. For two sequences {an} and {bn} of positive numbers, we write an . bn

if lim supn→∞(an/bn) <∞, and an ∼ bn if an . bn and bn . an.

2 Setup and Implementation

This section provides the main setup of our missing-data framework and motivates the new

Bayesian methodology. We provide the implementation of our robust Bayesian algorithm

and discuss its connections to and differences from the existing literature.

2.1 The Model Setup

We consider a family of probability distributions {Pη : η ∈ H} for some parameter space H.

The (possibly infinite-dimensional) parameter η characterizes the probability model. An

independent and identically distributed (i.i.d.) sample {(RiYi, Ri, X
>
i )>}ni=1 is available,

where the dependent variable Yi is observed only if Ri = 1 and it is missing if Ri = 0. We

assume the outcomes Yi are missing at random (MAR); that is, the outcome Yi and the

missingness indicator Ri are conditionally independent given Xi.

Throughout the paper, the distribution of the observable vector (RY,R,X>)> is mod-

eled by three components: (i) the marginal distribution µη(x) of the p-dimensional covari-

ates X; (ii) the propensity score πη(x) = Pη(R = 1 | X = x); and (iii) the conditional

density function fη(· | x) of the outcome Y given X = x and R = 1. Consequently, the

conditional mean function of the outcome given covariates is

mη(x) =

∫
yfη(y | x) dy.

Under the MAR assumption, the probability density function pη for Zi = (RiYi, Ri, X
>
i )>

can be written as

pη(z) =
dµη(x)

dx
πrη(x)(1− πη(x))1−rf rη (y | x). (2.1)

Let η0 be the true value of the parameter and denote P0 = Pη0 , which corresponds to the

frequentist distribution that generates the observed data. Accordingly, we denote µ0 as the

true marginal covariates distribution, π0 as the true propensity score, and f0(· | x) as the

true conditional density of Y given X = x and R = 1.
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The key parameter of interest is the mean of the outcome variable:

χ0 := E0[Yi],

where E0[·] denotes expectation under P0. Under the MAR assumption, χ0 can be identified

using the conditional mean function m0(x) := E0[Yi | Ri = 1, Xi = x]. Specifically, we have

χ0 =

∫
m0(x) dµ0(x),

where µ0 denotes the marginal distribution of Xi under P0. For our approach, it is useful

to consider the following augmented representation of χ0:

χ0 =

∫ (
m0(x) + γ0(r, x)

(
y −m0(x)

))
dP0(y, r, x), (2.2)

where the Riesz representer is given by

γ0(r, x) =
r

π0(x)
, (2.3)

with π0(x) := P0(Ri = 1 | Xi = x). In particular, E0[m0(Xi)γ0(Ri, Xi)] = χ0; see Cher-

nozhukov et al. (2018).

Let W (n) := (Wn1, . . . ,Wnn) denote the Bayesian-bootstrap weights of Rubin (1981),

defined by Wni = ei/
∑n

j=1 ej for ei
iid∼ Exp(1), i = 1, . . . , n. Motivated by the augmented

representation in (2.2), we define the Bayesian-bootstrap corrected draw

χη,γ̂ :=
n∑
i=1

Wni

(
mη(Xi) + γ̂(Ri, Xi)

(
Yi −mη(Xi)

))
, (2.4)

where mη(·) is a stochastic function endowed with a prior and

γ̂(r, x) :=
r

π̂(x)

is the estimated Riesz representer based on a pilot estimator π̂ of π0 computed using an

auxiliary data set. The conditional distribution of χη,γ̂ given the observed data Z(n) :=

(Z1, . . . , Zn) is jointly induced by the posterior law of mη, denoted by Πm(· | Z(n)), and

the distribution of the Bayesian-bootstrap weights W (n). The latter distribution is known

and straightforward to simulate. Following the notation for bootstrap laws used by van der

Vaart and Wellner (1996), we denote it by ΠW (· | Z(n)). We refer to the resulting conditional

law of χη,γ̂ as the baseline one-step posterior for χ0. While our general results apply to

a broad class of nonparametric priors for mη, we particularly analyze BART priors under

more primitive conditions.1

1Posterior draws of the vector (mη(X1), . . . ,mη(Xn)) can be obtained using the R package BART; see
Sparapani et al. (2021).
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To motivate this construction from a more conventional Bayesian perspective, suppose

that η indexes a probability model Pη with corresponding conditional mean function mη

and propensity score πη. The associated model-based functional is

χη =

∫ (
mη(x) +

r

πη(x)

(
y −mη(x)

))
dPη(y, r, x). (2.5)

The conditional distribution of (2.4) can be viewed as a modular approximation to the

posterior distribution of (2.5). In particular, replacing πη by the pilot estimator π̂ amounts

to placing a degenerate distribution at π̂, while uncertainty about mη is retained through

its nonparametric posterior. Related uses of preliminary propensity-score estimators in

semiparametric Bayesian inference are considered by Ray and van der Vaart (2020). Alter-

natively, one could place an independent nondegenerate prior on the propensity score and

propagate the resulting posterior uncertainty through the corrected posterior.

For the integrating probability measure, we use the Bayesian bootstrap. More precisely,

the Bayesian bootstrap can be viewed as the noninformative limiting posterior arising from

a sequence of Dirichlet process models as the prior concentration parameter tends to zero.

Equation (2.4) can be viewed as a specialization of the one-step posterior of Yiu et al. (2025):

uncertainty about mη is retained through its nonparametric posterior, the posterior for the

propensity score is replaced by a point mass at a pilot estimator, and the integrating

distribution is represented by the Bayesian bootstrap. We use this construction as the

baseline one-step posterior. Section 2.2 shows why, when the conditional mean is modeled

by BART, this baseline generally requires an additional draw-wise correction outside the

Donsker regime.

2.2 Motivation of Robust Bayesian Procedure

Our construction is guided by the efficient influence function for the mean response under

missing at random. For a generic nuisance parameter η = (mη, πη), consider the influence-

function map

χ̃η(Z) = mη(X) + γη(R,X){Y −mη(X)} − χη, (2.6)

where the corresponding Riesz representer is

γη(R,X) =
R

πη(X)
. (2.7)

Evaluated at the true nuisance parameter η0 = (m0, π0), (2.6) is the efficient influence

function for the target parameter. Let π̂ denote a pilot estimator of the propensity score

based on the auxiliary sample, and define γ̂(r, x) = r/π̂(x). The posterior correction also

uses a pilot estimator m̂ of the conditional mean function m0. In our implementation, m̂

is taken to be the posterior mean of a BART model fitted to the auxiliary sample.
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Estimating the nuisance functions on independent auxiliary data simplifies the analysis

by rendering certain empirical-process remainder terms asymptotically negligible. Sample

splitting has a long history in semiparametric estimation (Schick, 1986; van der Vaart,

1998) and is central to the recent DML literature (Chernozhukov et al., 2018). Related

auxiliary-sample constructions have also been used for propensity-score-adjusted Bayesian

priors in missing-data problems (Ray and van der Vaart, 2020). The auxiliary-sample

formulation allows us to present the main argument transparently, while the cross-fitted

extension avoids the need for a separate sample.

We show that the one-step Bayesian procedure χη,γ̂ defined in (2.4), which uses a pilot

estimator of the propensity score, generally admits a Bernstein–von Mises approximation

(see Theorem 2) only after accounting for the additional centering bias

b0,η = Pn [mη(X) + γ0(R,X)(Y −mη(X))]− Pn [m0(X) + γ0(R,X)(Y −m0(X))]

= Pn [(1− γ0(R,X))(mη(X)−m0(X))] .

This term need not be asymptotically negligible when the posterior for the outcome regres-

sion concentrates too slowly for standard Donsker arguments to apply.

The purpose of the posterior correction is to remove the draw-specific centering bias in-

duced by nonparametric Bayesian modeling of the outcome regression, while preserving the

posterior variation generated by the BART posterior and the Bayesian-bootstrap weights.

The correction also has a useful point-estimation interpretation: it recenters the posterior

at the conventional doubly robust estimator based on the pilot nuisance estimates.

Our proposal considers an estimator of the bias term b0,η given by

b̂η = Pn [(1− γ̂(R,X))(mη(X)− m̂(X))] ,

where m̂ and γ̂ are pilot estimators computed from an auxiliary sample. The resulting

corrected posterior draw is χ̌η = χη,γ̂ − b̂η. An important feature of this correction is

that the conditional posterior mean of χ̌η coincides exactly with the conventional AIPW

estimator based on the pilot estimators.

To see this, let EΠ denote expectation with respect to the joint posterior distribution

of mη and the Bayesian-bootstrap weights, conditional on Z(n), where the pilot estimators

m̂ and γ̂ are treated as fixed. Since the Bayesian-bootstrap weights are independent of mη

and satisfy EΠ[Wni | Z(n)] = 1/n, we obtain

EΠ

[
χη,γ̂ | Z(n)

]
= Pn

[
EΠ[mη(X) | Z(n)] + γ̂(R,X)

(
Y − EΠ[mη(X) | Z(n)]

)]
.

Moreover, since b̂η is affine in mη, we have

EΠ

[
b̂η | Z(n)

]
= Pn

[
EΠ[mη(X) | Z(n)] + γ̂(R,X)

(
Y − EΠ[mη(X) | Z(n)]

)]
− Pn [m̂(X) + γ̂(R,X)(Y − m̂(X))] .
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It follows that the posterior mean of the corrected draw χ̌η = χη,γ̂ − b̂η is

EΠ

[
χ̌η | Z(n)

]
= Pn [m̂(X) + γ̂(R,X)(Y − m̂(X))] . (2.8)

Thus, the conditional posterior mean of the corrected Bayesian procedure coincides exactly

with the conventional AIPW estimator based on (m̂, π̂). The BART posterior draws and

Bayesian-bootstrap weights determine the posterior distribution around this center, but

not the center itself. In the cross-fitted construction, averaging the fold-specific posterior

means analogously yields the conventional cross-fitted AIPW, or DML, estimator.

2.3 Robust Bayesian Procedure with Auxiliary Data

We first present the implementation of our robust inference procedure under the assumption

that an auxiliary sample is available for computing the pilot estimators. This auxiliary-

sample formulation provides a convenient starting point for presenting the main idea. In

the next subsection, we extend the approach to a K-fold cross-fitted version, which makes

efficient use of the full data.

The inputs to the algorithm are the observable data {(RiYi, Ri, X
>
i )>}ni=1, the pilot

estimators γ̂ and m̂ as discussed above, and the number of posterior draws S. The posterior

distribution of (mη(Xi))
n
i=1 := (mη(X1), . . . ,mη(Xn)) is generated by applying BART to

estimate mη(·) using the data {(Yi, X>i ) : Ri = 1}ni=1.

Algorithm 1: Posterior Computation

for s = 1, . . . , S do
(a) Obtain one draw from the posterior of (mη(Xi))

n
i=1, and denote it by

(ms
η(Xi))

n
i=1.

(b) Generate W s
ni = esi/

∑n
j=1 e

s
j with esi

iid∼ Exp(1) for all 1 ≤ i ≤ n.

(c) Calculate χ̌sη = χsη,γ̂ − b̂sη, where

χsη,γ̂ =
n∑
i=1

W s
ni

(
ms
η(Xi) + γ̂(Ri, Xi)

(
Yi −ms

η(Xi)
))
, (2.9)

and the debiasing term is

b̂sη =
1

n

n∑
i=1

(γ̂(Ri, Xi)− 1)
(
m̂(Xi)−ms

η(Xi)
)
. (2.10)

Output:
{
χ̌sη : s = 1, . . . , S

}
Given the posterior simulation draws, the 100 · (1 − α)% credible set Cn(α) for the

parameter of interest χ0 is computed by

Cn(α) =
{
χ : q(α/2) ≤ χ ≤ q(1− α/2)

}
, (2.11)

where q(a) denotes the a-quantile of {χ̌sη : s = 1, . . . , S}. We take the Bayesian point
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estimator (the posterior mean) by averaging the simulation draws: χη = S−1
∑S

s=1 χ̌
s
η.

Remark 1 (Estimation of the Riesz Representer). Our proposal builds on a plug-in ap-

proach that employs pilot estimators of the Riesz representer. Our approach is motivated

by the following considerations. First, by adopting sample splitting for the pilot estimators,

our proposal makes it possible to relax the Donsker condition. Sample splitting has long

been used in semiparametric models (Schick, 1986; van der Vaart, 1998) and has regained

popularity in the DML literature (Chernozhukov et al., 2017, 2018). Second, in more com-

plicated semiparametric models, the Riesz representer may lack a tractable analytical form,

but one can still construct a pilot estimator following the approach of Chernozhukov et al.

(2022a). In such cases, designing a feasible algorithm to obtain its posterior can be chal-

lenging. Finally, compared to the conditional mean function, the Riesz representer is often

of secondary interest; one can view the plug-in estimator as a particular type of degenerate

prior for the propensity score (Ray and van der Vaart, 2020).

2.4 Cross-fitted Robust Bayesian Inference Procedure

This subsection describes the implementation of RoBART using K-fold cross-fitting, in-

spired by the double machine learning literature (Chernozhukov et al., 2018), in particular

by the fold-specific bootstrap method in Bach et al. (2024). In the context of difference-in-

differences designs, Breunig et al. (2024) develop a similar cross-fitted approach involving

both prior and posterior adjustments.

Algorithm 2 is the K-fold cross-fitting version of Algorithm 1. We randomly partition

the observation indices {1, . . . , n} into K folds (Ik)
K
k=1, each of size n/K, assuming for

notational simplicity that n is divisible by K. For each fold k, we make draws of the

fold-specific posterior for the conditional mean function and Bayesian-bootstrap weights.

The fold-specific posterior of the conditional mean is obtained via Bayes’ rule given the

BART prior and fold-specific likelihood function. This differs from cross-fitting in the

frequentist double machine learning literature, where the conditional mean function is

estimated using observations outside the evaluation fold and evaluated on observations

within that fold. We make independent draws over different folds. Let π̂(−k)(·) and m̂(−k)(·)
denote estimators of the propensity score π0(·) and the conditional mean function m0(·),
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respectively, constructed using all observations not belonging to fold k.

Algorithm 2: RoBART for E0[Yi] with K-fold cross-fitting

(a) Take a K-fold random partition (Ik)
K
k=1 of the observation indices. The size of

each fold Ik is n/K.

for k = 1, . . . , K do

(b) Use the subsample {(Ri, X
>
i )}i/∈Ik to construct the estimator π̂(−k)(x). Set

γ̂(−k)(r, x) = r/π̂(−k)(x).

(c) Use the subsample {(Yi, X>i ) : Ri = 1}i/∈Ik to construct the estimator

m̂(−k)(x).

for s = 1, . . . , S do
(d) Make a draw from the posterior of (mη(Xi))i∈Ik using the subsample

{(Yi, X>i ) : Ri = 1}i∈Ik , and denote it by (mk,s
η (Xi))i∈Ik .

(e) Generate W k,s
i = ek,si /

∑
j∈Ik e

k,s
j with ek,si

iid∼ Exp(1) for all i ∈ Ik.
(f) Calculate χ̌k,sη = χk,sη,γ̂ − b̂k,sη , where

χk,sη,γ̂ =
∑
i∈Ik

W k,s
i

(
mk,s
η (Xi) + γ̂(−k)(Ri, Xi)

(
Yi −mk,s

η (Xi)
))
, (2.12)

and the debiasing term is

b̂k,sη =
K

n

∑
i∈Ik

(
γ̂(−k)(Ri, Xi)− 1

) (
m̂(−k)(Xi)−mk,s

η (Xi)
)
. (2.13)

Output:
{
χ̌sη = 1

K

∑K
k=1 χ̌

k,s
η : s = 1, . . . , S

}
3 BvM Theorems under High-level Assumptions

Beyond the equivalence of point estimation, we aim to develop valid inference via showing

new Bernstein–von Mises (BvM) theorems. Although our primary interest lies in establish-

ing the BvM theorem for BART, we first develop the theory under high-level conditions

before specializing the analysis. The robustness achieved through our additional debiasing

step is therefore applicable to other types of priors beyond the BART framework. We begin

with a version that relies on pilot estimators computed from an external sample in order

to illustrate the main idea. This reduces the notational burden and highlights the core

issue. In the next section, we prove the BvM theorem for the cross-fitted version. The

proof essentially reduces to establishing the BvM theorem for the fold-specific posterior,

which follows from the results developed in this section.

The one-step posterior of χη,γ̂ is determined jointly by the posterior of the conditional

mean and the Bayesian-bootstrap law. Recall that the conditional density associated with

mη is denoted by fη. For simplicity, we work with the conditional density class which only

depends on the unknown conditional mean function. Such a class includes the standard

Gaussian, Bernoulli, and Poisson outcomes, as discussed in Breunig et al. (2025a). Ac-

cordingly, we denote it by fmη(· | x) hereafter. The posterior distribution is formally given
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by

Π
(
mη ∈ A,W (n) ∈ B

∣∣ Z(n)
)

=

∫
B

∫
A

∏n
i=1 f

Ri
mη(Yi | Xi) dΠm(mη)∫ ∏n

i=1 f
Ri
mη(Yi | Xi) dΠm(mη)

dΠW

(
W (n)

∣∣ Z(n)
)
.

Regarding the centering point in the asymptotic normal approximation, we can consider

any asymptotically efficient estimator χ̂ with the following linear representation:

χ̂ = χ0 +
1

n

n∑
i=1

χ̃0(Zi) + oP0(n
−1/2), (3.1)

where χ̃0 = χ̃η0 is the efficient influence function given in (2.6) under η = η0. Denote its

variance by v0 = E0 [χ̃2
0(Z)]. We write LΠ(

√
n(χη− χ̂) | Z(n)) for the posterior distribution

of
√
n(χη − χ̂).

Below, we consider some measurable sets Hm
n of functions mη such that Π(mη ∈ Hm

n |
Z(n)) →P0 1. With a slight abuse of notation, we also denote Hn = {η : mη ∈ Hm

n }
where we index the conditional mean function mη by its subscript η. We introduce the

notation ‖φ‖2,µ0 :=
√∫

φ2(x) dµ0(x) for all φ ∈ L2(µ0) := {φ : ‖φ‖2,µ0 < ∞}, as well

as the supremum norm ‖ · ‖∞. We introduce the notation for the conditional variance

σ2
0(x) = E0[(RY − m0(X))2 | R = 1, X = x] and assume throughout the paper that

σ0 ∈ L2(µ0). We denote the support of a random variable V by V .

Assumption 1 (Identification). We observe an i.i.d. sample {(RiYi, Ri, X
>
i )>}ni=1, where

the propensity score π0 satisfies π0(x) = P(Ri = 1 | Yi = y,Xi = x) for all (y, x) ∈ Y × X
and infx∈X π0(x) ≥ c for some constant c > 0.

Assumption 1 imposes a missing-at-random (MAR) assumption and an overlap assump-

tion, both of which are sufficient for identifying the conditional mean function m0(x).

Assumption 2 (Rates of Convergence). The pilot estimators π̂ and m̂, which are based

on an auxiliary sample independent of Z(n), satisfy ‖π̂ − π0‖2,µ0 = OP0(rn) and ‖1/π̂‖∞ =

OP0(1). In addition,

‖m̂−m0‖2,µ0 = OP0(εn) and sup
η∈Hn

‖mη −m0‖2,µ0 . εn,

for some measurable sets Hn = {η : mη ∈ Hm
n } such that Π(mη ∈ Hm

n | Z(n))→P0 1, where

max{εn, rn} → 0 and
√
n εnrn → 0.

Assumption 2 imposes sufficiently fast convergence rates of the estimators of the con-

ditional mean function m0 and the propensity score π0. In practice, one can explore the

recent proposals from Chernozhukov et al. (2022b) and Hirshberg and Wager (2021). The

posterior contraction rate for the conditional mean can be derived by verifying high-level

assumptions of Ghosal et al. (2000).
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Assumption 3 (Complexity). (i) For Gn = {mη(·) : η ∈ Hn} it holds that

sup
mη∈Gn

|(Pn − P0)mη| = oP0(1). (3.2)

Let Gn be the envelope function of the function class Gn satisfying

lim
C→∞

lim sup
n→∞

E0[G2
n1{Gn > C}] = 0, E0[G4

n] = o(n). (3.3)

(ii) Furthermore, we assume that

sup
η∈Hn

|Gn [(γ0 − γ̂) (mη −m0)]| = oP0(1). (3.4)

Assumption 3 (i) restricts the function class Gn to form a P0-Glivenko–Cantelli class;

see Section 2.4 of van der Vaart and Wellner (1996). The moment conditions on the

envelope functions follow Yiu et al. (2025) and address the uniformity issues when showing

the convergence of the conditional Laplace transform. Assumption 3 (ii) imposes a new

stochastic equicontinuity condition on the product structure involving γ̂ and mη, which

sets us apart from the existing literature. In contrast to this assumption, Ray and van der

Vaart (2020) and Yiu et al. (2025) both require a stochastic equicontinuity condition

supη∈Hmn |Gn [mη −m0]| = oP0(1)2. As demonstrated by Breunig et al. (2025a), this is

weaker than directly imposing the Donsker property on (mη−m0). For the Hölder smooth

class, Breunig et al. (2025a) show that the low-order differentiability of the conditional

mean can be compensated by exploiting the high-order smoothness of the propensity score,

and vice versa. Note that supη∈Hmn |Gn [mη −m0]| diverges for the non-Donsker class, by

Sudakov’s inequality (van der Vaart and Wellner, 1996).

We now present a semiparametric Bernstein–von Mises theorem, which establishes

asymptotic normality of the posterior distribution, modulo a bias term. This asymp-

totic equivalence result is established using the so-called bounded Lipschitz distance dBL on

probability distributions on R; see Chapter 11 of Dudley (2002).

Theorem 2. Let Assumptions 1–3 hold. Then, for the baseline one-step posterior, we have

dBL
(
LΠ(
√
n(χη,γ̂ − χ̂− b0,η) | Z(n)), N(0,v0)

)
→P0 0,

where b0,η = Pn[(γ0 − 1)(m0 −mη)].

The two parts of Assumption 3 play distinct roles in the proof. Part (i) delivers the

conditional convergence of the Laplace transform of the Bayesian-bootstrap process through

the P0-Glivenko–Cantelli property of Gn, while part (ii) controls the remainder term Pn[(γ0−
γ̂)(mη −m0)] arising from the pilot estimation of the propensity score.

2Because a nonparametric prior is also assigned to the propensity score, Yiu et al. (2025) further require
the propensity score function to belong to a Donsker class.
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The previous result shows that, under our double-robust smoothness conditions, the

baseline one-step posterior satisfies the BvM theorem only up to a bias term. Specifically,

the bias term is given by

b0,η = Pn[mη(X) + γ0(Y −mη)]− Pn[m0 + γ0(Y −m0)]

= Pn
[
mη(X) +

R

π0(X)
(Y −mη(X))

]
− Pn

[
m0(X) +

R

π0(X)
(Y −m0(X))

]
,

which measures the empirical influence-function discrepancy between mη and m0. The

difference from frequentist doubly robust estimation arises because mη is a random function

under the nonparametric Bayesian posterior. As a consequence, the resulting bias term need

not be asymptotically negligible. In general, it vanishes asymptotically only under Donsker

conditions on the conditional mean function; see Remark 9.

Remark 3 (Bias Equivalence for Prior Correction). Under the product-rate condition im-

posed in Assumption 2, Theorem 3.1 of Breunig et al. (2025a) establishes a semiparametric

BvM theorem for the prior-adjustment approach of Ray and van der Vaart (2020), denoted

by χPAη , with bias term b0,η. Combined with Theorem 2 above, this implies that the prior-

adjusted posterior and the one-step posterior considered here exhibit the same first-order

bias. In particular, by the triangle inequality for the bounded Lipschitz distance, we have

the asymptotic equivalence

dBL
(
LΠ(
√
n(χPAη − χ̂− b0,η) | Z(n)),LΠ(

√
n(χη,γ̂ − χ̂− b0,η) | Z(n))

)
→P0 0.

In other words, the one-step posterior exhibits exactly the same bias term as the plug-in

version using the adjusted prior of Ray and van der Vaart (2020).

We next relax the Donsker condition by allowing for pilot estimators of the unknown

functional parameters in b0,η, while retaining the weaker product-rate condition in (3.4).

We explicitly correct the posterior distribution, following our proposed methodology in

Algorithm 1. Recall the definition of the bias correction term b̂η given in Algorithm 1:

b̂η = Pn[(γ̂ − 1)(m̂−mη)]. (3.5)

Under our conditions, b̂η consistently estimates the posterior-specific bias b0,η uniformly

over the relevant posterior set, so that subtracting b̂η removes the first-order centering

error. In the present one-step construction, this correction also yields the exact AIPW

representation discussed in Section 2.

Theorem 4. Let Assumptions 1–3 hold. Then, we have

dBL
(
LΠ(
√
n(χ̌η − χ̂) | Z(n)), N(0,v0)

)
→P0 0.

An important consequence of the BvM results is the frequentist validity of the Bayesian
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credible set built from the corrected posterior. For any α ∈ (0, 1), the Bayesian credible

set Cn(α) for the corrected draw χ̌η = χη,γ̂ − b̂η satisfies P0

(
χ0 ∈ Cn(α)

)
→ 1− α.

Below, let the AIPW estimator by Robins et al. (1994) be χ̂AIPW := Pn[m̂(X) +

γ̂(R,X)(Y − m̂(X))]. Under our assumptions, it is straightforward to see that χ̂AIPW

satisfies the asymptotic linear representation in (3.1) and hence achieves the semiparamet-

ric efficiency bound. Together with the discussion in Section 2.2, this yields the following

result.

Corollary 5. Let Assumptions 1–3 hold. Then, we have

χ̌η = χ̂AIPW + (P∗n − Pn)[mη(X) + γ̂(R,X)(Y −mη(X))] (3.6)

and

dBL
(
LΠ(
√
n(χ̌η − χ̂AIPW) | Z(n)), N(0,v0)

)
→P0 0.

This corollary provides a direct link between the corrected posterior and conventional

semiparametric estimation. Its finite-sample center is exactly the AIPW estimator based

on the pilot nuisance estimates, while its asymptotic distribution is Gaussian with the

semiparametric efficiency bound. Thus, the correction does not alter the first-order efficient

point estimator, but instead constructs a posterior distribution around this center whose

uncertainty is generated jointly by the posterior variation in the conditional mean function

and the Bayesian bootstrap. This distinction will also be useful for interpreting the finite-

sample comparison with DML in Section 5.

For intuition, note that the difference χ̌η−χ̂AIPW in (3.6) resembles a centered bootstrap

version of the AIPW estimator. Hence, conditional weak convergence to the desired normal

limiting distribution is to be expected. That said, the technical challenge we address

concerns uncertainty arising from the nonparametric Bayesian modeling of mη, which differs

substantially from the semiparametric bootstrap theory underlying existing frequentist

constructions.

If the Donsker property holds, our procedure remains valid even when the pilot esti-

mators are computed over the same sample. This can be easily seen as the debiasing term

becomes asymptotically negligible. In other related causal inference problems, we observe

that the incorporation of such a debiasing term can improve the finite-sample performance

even without any sample splitting (Breunig et al., 2025a, 2024).

4 A BvM Theorem for the Cross-fitted Posterior un-

der Primitive Conditions

Now we present the theoretical justification for the K-fold cross-fitted posterior under

primitive conditions tailored to BART priors. The key ingredient of our construction

involves the fold-specific posterior for the conditional mean function.
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4.1 Tree Constructions

We now provide a detailed specification of the BART-type priors. Because the construction

applies to any fold-specific posterior, we drop the additional subscript or superscript on k

to lower the notational burden.

The BART prior expresses the unknown function as a sum of many binary regression

trees. Each individual tree consists of a set of internal decision nodes which define a

partition of the covariate space, as well as a set of terminal nodes or leaves. Those partitions

are generated by recursively applying some binary split rules of the covariate space of the

form {xj ≤ τ} versus {xj > τ} where xj signifies that the j-th coordinate is chosen for the

splitting and τ is the split point. The good approximation property of tree-based learners

relies on finding a fine partition scheme that divides the data into more homogeneous groups

and learning a piecewise-constant function on the partition. For this purpose, we introduce

the notion of the split-net from Ročková and van der Pas (2020). Given an increasing integer

sequence bn, a split-net X = {xi = (xi1, . . . , xip)
> ∈ [0, 1]p, i = 1, . . . , bn} is a discrete

collection of bn split-candidates xi at which possible splits occur along coordinates. For a set

Ω ⊂ Rp, we denote the j-th projection mapping of Ω by [Ω]j = {xj ∈ R : (x1, . . . , xp)
> ∈ Ω}.

The construction of each individual tree starts with some root node in [0, 1]p at depth

δ = 0, where the depth of a node means the number of nodes along the path from the root

node down to that node. Any binary tree can be characterized by (i) the probability that

a node at depth δ is nonterminal, (ii) the distribution on the splitting variable assignments

at each splitting node, and (iii) the rules with which the splits are made. Referring to

point (i), each node at depth δ ∈ {0, 1, 2, . . .} is split (hence nonterminal) with some prior

probability depending on the depth. When it comes to point (ii), we follow Linero (2018)

and Linero and Yang (2018) in using a sparse Dirichlet prior. This approach chooses

a splitting covariate j from a proportion vector ϑ = (ϑ1, . . . , ϑp)
> belonging to the p-

dimensional simplex. Finally, for point (iii), if a node corresponding to a box Ω is split,

a splitting coordinate is drawn from the proportion vector and a split point τj is chosen

randomly from [X ]j ∩ int([Ω]j) for a given split-net X . The procedure continues until all

nodes are terminal. We further denote the cardinality of the split points in the split-net X
projected onto the j-th coordinate by bj(X ) for j = 1, . . . , p.

We pick a fixed number of trees T and assume an independent product prior for the

tree ensemble, Π(E) =
∏T

t=1 Π(T t). Chipman et al. (2010) recommend taking T = 200

based on extensive numerical evidence. For a given split-net X and for each 1 ≤ t ≤ T ,

we denote by T t = (Ωt
1, . . . ,Ω

t
Lt) an X -tree partition of size Lt, with step heights βt =

(βt1, . . . , β
t
Lt) ∈ RLt . An additive tree-based learner is fully described by a tree ensemble

E = {T 1, . . . , T T} and terminal node parameters B = (β1, . . . ,βT )> ∈ R
∑T
t=1 L

t
as follows

mE,B(x) =
T∑
t=1

Lt∑
l=1

βtl1{x ∈ Ωt
l}. (4.1)

Given an ensemble E of trees, we denote ME := {mE,B(x) : B ∈ R
∑T
t=1 L

t}. If E consists of
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a single tree T , we denote ME by MT .

4.2 Primitive Conditions

Now we introduce primitive conditions about the conditional mean function. Binary deci-

sion trees or forests offer good approximation properties for the Hölder continuous class,

which is indexed by an exponent α ∈ (0, 1]. This parameter α does not exceed one,

which is standard in the literature studying the piecewise-constant estimators or priors.

Below we introduce the norm ‖φ‖Hα := supx,y∈[0,1]p |φ(x) − φ(y)|/‖x − y‖α2 , for functions

φ : [0, 1]p → R, with some α > 0, where ‖ · ‖2 denotes the Euclidean norm. The true

conditional mean function is assumed to belong to the following class of functions.

Definition 6. We denote the space of uniformly α-Hölder continuous functions that only

depend on some subset of covariates S as follows,

Fp(α,S) :=
{
m : [0, 1]p → R : ‖m‖Hα <∞ and m is constant in the directions {1, . . . , p} \ S

}
where α ∈ (0, 1] and ‖m‖Hα is the Hölder norm.

BART can also exploit sparsity in the relevant regressors and perform variable selection.

For the set S0 with its cardinality |S0| = q0 < p, we assume m0 ∈ Fp(α,S0). In addition,

we also explore the case where m0 is additively separable in terms of low-dimensional

covariates. Consider the following additive class with T0 components

Faddp (α,S0) :=

{
m0(x) =

T0∑
t=1

mt
0(x), such that mt

0 ∈ Fp(αt,St0)

}
,

where α := (αt)T0t=1 and S0 := (St0)T0t=1. We denote qt0 = |St0| for the subset St0 ⊂ {1, . . . , p}.
We define

εn := n−α/(2α+q0)
√

log n,

related to the rate of posterior contraction for m0 ∈ Fp(α,S0). When considering the addi-

tive case m0 ∈ Faddp (α,S0), we define εaddn =
√∑T0

t=1(εtn)2, where εtn := n−α
t/(2αt+qt0)

√
log n.

The case where m0 ∈ Fp(α,S0) provides a clean illustration of our theory, which shows

that our additional debiasing step is essential if q0 > 1. The class Fp(α,S0) fails to satisfy

the Donsker property whenever α < q0/2. A subtle consequence is that the size of the

resulting sieve set used to approximate the Hölder continuous function becomes too large,

so that the standard maximal inequality via the entropy bound fails to deliver the stochastic

equicontinuity. The same issue occurs for the additive class whenever αt < qt0/2 for any

1 ≤ t ≤ T0.

Next, we list assumptions on the outcome model, the split-net, and the prior, followed

by a remark.
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Assumption 4 (Model Specification). Under P0, the conditional density of Y given (R =

1, X = x) is Gaussian with unit variance, i.e.,

f0(y | x) =
1√
2π

exp

(
−(y −m0(x))2

2

)
.

Moreover, let log p . nq0/(2α+q0) if m0 ∈ Fp(α,S0), and log p . min1≤t≤T0 n
qt0/(2α

t+qt0) if

m0 ∈ Faddp (α,S0).

Assumption 5 (Tree-based Partition). The split-net X satisfies the following conditions:

(i) max1≤j≤p log bj(X ) . log n. (ii) One can construct an X -tree partition T̂ such that there

exists m0,T̂ ,β̂ with its step heights β̂, satisfying ‖m0 − m0,T̂ ,β̂‖∞ . εn if m0 ∈ Fp(α,S0).

For m0 ∈ Faddp (α,S0), we assume this tree-based approximation exists for each individual

component in the additive function, that is, ‖mt
0 −m0,T̂ t,β̂t‖∞ . εtn for t = 1, . . . , T0.

Assumption 6 (Prior). (i) For a fixed integer T ≥ 1, each tree T t, t = 1, . . . , T , is

independently assigned a tree prior with the following Dirichlet sparsity, that is, the j-

th covariate is chosen for splitting the nonterminal nodes from a proportion vector ϑ :=

(ϑ1, . . . , ϑp)
>, such that (ϑ1, . . . , ϑp)

> ∼ Dir(ζ/pξ, . . . , ζ/pξ) with ζ > 0 and ξ > 1. (ii)

Given any tree, each node at depth δ ∈ {0, 1, 2, . . .} is split with some prior probability

νδ+1 for some ν ∈ (0, 1/2). (iii) Given L1, . . . , LT induced by E , we consider the independent

priors for the step heights:

dΠ(B | L1, . . . , LT ) =
T∏
t=1

Lt∏
l=1

φT (βtl ) dβtl ,

where φT (·) is some bounded and compactly supported probability density function that

can depend on the number of trees T .

Remark 7 (Discussion of Assumptions). The Gaussian likelihood with unit variance in

Assumption 4 is standard in the literature. One can also incorporate the unknown variance

term and assign a prior as in Xie and Xu (2020) and Jeong and Ročková (2023). The

asymptotic analysis allows for a large ambient dimension p. The requirement about the

growth of log p simplifies the presentation of the contraction rate. Otherwise, one needs to

incorporate an additional term such as
√
q0(log p)/n in the high-dimensional setup. The

construction of the piecewise-constant approximation with the tree partition, which satisfies

Assumption 5, can be found in Section 4 of Jeong and Ročková (2023).

Assumption 6 lists the specification of priors in BART. The control of the unique el-

ements in the split-net along each coordinate is crucial to establish the posterior rate of

contraction. The original algorithm in Chipman et al. (2010) does not account for sparsity

of the true regression model. Linero (2018) suggests the sparse Dirichlet prior on splitting

coordinates to perform variable selection. Following Ročková and Saha (2020), the splitting

probabilities decay exponentially with respect to the depth δ, which gives rise to the desired

exponential tail of the total tree sizes. The compact support condition on each step height is
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assumed for technical reasons when verifying high-level conditions in Ghosal et al. (2000);

see Xie and Xu (2020) and Jeong and Ročková (2023).

4.3 A New BvM Theorem for BART

In our Algorithm 2, when we sample from the posterior distributions of χkη,γ̂ for k =

1, . . . , K, the draws from the posterior distribution of the conditional mean function mk
η and

the Bayesian-bootstrap weights W (nk) are generated independently across folds. As such,

the posterior law under consideration in our algorithm can be written as the convolution

of fold-specific posterior distributions. For a pair of independent random variables U1 and

U2 with marginal laws U1 and U2, respectively, we denote their convolution by LU1(U1) ∗
LU2(U2), which represents the law of their sum.

Recall from Section 2 that K divides n, so that every fold is of the same size, i.e.,

|I1| = · · · = |IK | = n/K. We define the DML estimator by χ̂DML = K−1
∑K

k=1 χ̂
k where in

this section:

χ̂k :=
K

n

∑
i∈Ik

(
m̂(−k)(Xi) + γ̂(−k)(Ri, Xi)

(
Yi − m̂(−k)(Xi)

))
.

For each fold k, our corrected posterior estimator is given by χ̌kη = χkη,γ̂ − b̂kη. As a point es-

timator, we use the average of the posterior means of the fold-specific corrected estimators.

Formally,

1

K

K∑
k=1

EΠ

[
χ̌kη | Z(nk)

]
=

1

K

K∑
k=1

χ̂k, (4.2)

where the equality follows from the same argument as in (2.8), since the pilot estimators

used for fold k are computed using observations outside Ik.

The numerical equivalence of the posterior mean and the DML estimator is agnostic to

the type of nonparametric priors for the conditional mean, as well as the pilot estimators

(m̂, π̂). Nonetheless, our simulation results favor BART-type modeling and reusing its

posterior mean as the pilot estimator m̂(−k). This is also close to the findings of Dorie

et al. (2019), where targeted MLE (TMLE) with BART point estimators is among the top

performers in their large-scale data competition.

Our main theoretical contribution is that, besides the point estimator, the credible sets

constructed from the fold-specific posteriors are valid. Next, we present a formal statement

of the validity of the K-fold posterior cross-fitting procedure under primitive conditions

for the BART priors. Regarding the convolution in the stated theorem, we do not claim

conditional independence of the fold-specific posteriors under the ground-truth probability

law P0, conditional on the entire observed data Z(n). Rather, we deliberately generate

posterior draws of the conditional mean function and the bootstrap weights separately

across different folds. After applying Bayes’ rule to those components, the posterior laws

LΠ(· | Z(nk)), which encode the randomness of the conditional mean function and the

bootstrap weights, are made independent over different folds.
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Theorem 8. Let Assumptions 1 and 4–6 hold. In addition, we assume that ‖1/π̂(−k)‖∞ =

OP0(1) for 1 ≤ k ≤ K. If m0 ∈ Fp(α,S0), ‖m̂(−k)−m0‖2,µ0 = OP0(εn), and
√
n εn‖π̂(−k)−

π0‖∞ →P0 0, then

dBL

(
LΠ

(√
n

K
(χ̌1

η − χ̂1) | Z(n1)

)
∗ . . . ∗ LΠ

(√
n

K
(χ̌Kη − χ̂K) | Z(nK)

)
, N(0,v0)

)
→P0 0.

The same conclusion holds if m0 ∈ Faddp (α,S0), ‖m̂(−k) − m0‖2,µ0 = OP0(ε
add
n ) and

√
n εaddn ‖π̂(−k) − π0‖∞ →P0 0.

Theorem 8 establishes a BvM result for BART without requiring the Donsker property

for either the propensity score or the conditional mean function. We first argue that it

suffices to consider each fold-specific posterior separately. Then, the desired result follows

from verifying the high-level assumptions from the previous section.

Remark 9 (Donsker Class). One can establish the BvM theorem under the Donsker prop-

erty of Hn, so that b0,η becomes asymptotically negligible itself. This condition holds if

α > q0/2 for m0 ∈ Fp(α,S0). With the additive structure, the above property holds for

m0 ∈ Faddp (α,S0) if αt > qt0/2 for all 1 ≤ t ≤ T0. For semiparametric Bayesian inference,

such Donsker properties are imposed in Assumption 2(c) in Yiu et al. (2025) or Condition

(3.12) in Ray and van der Vaart (2020). Our results exploit the regularity of the propen-

sity score, expressed in terms of a new stochastic equicontinuity condition, to restore the

frequentist validity of our robust procedure.

Remark 10 (Smoothed BART). Given the nonsmooth feature of BART, it is natural to

consider the smoothed BART (see Linero and Yang (2018)), because it exploits the smooth-

ness of the conditional mean. The same trade-off between the smoothness of the conditional

mean and propensity score continues to hold when the additional bias correction is applied.

Consider functions in the Hölder smooth class, i.e., the space of functions on [0, 1]p with

bounded partial derivatives up to order bαc, where bαc is the largest integer strictly less than

α and such that the partial derivatives of order bαc are Hölder continuous of order α−bαc.
If the true function only depends on at most q0 covariates, Theorem 2 in Linero and Yang

(2018) states that the posterior rate of contraction is of the order O(n−α/(2α+q0) log(n)).

If the conditional mean function and propensity score function are in such Hölder smooth

classes with smoothness indices (αm, απ) and they only depend on q0 regressors, our robust

approach is asymptotically normal when
√
αmαπ > q0/2. In comparison, the Donsker class

restriction will force min{αm, απ} > q0/2.

5 Numerical Studies

In this section, we first examine the finite-sample performance of the proposed robust BART

procedure for the mean response χ0 = E0[Yi] in missing-data models. Then, building on

Appendix C, which extends the robust BART to the average treatment effect (ATE) frame-

work, we apply the method to the well-known National Health and Nutrition Examination
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Survey data and revisit the average effect of participation in meal programs on students’

body mass index.

5.1 Monte Carlo Simulation

The data-generating process for i.i.d. observations is specified as follows. For each unit

i = 1, . . . , n, we generate the observed variables (RiYi, Ri, X
>
i ) by Xi = (Xi1, . . . , Xi5)>

where Xi1, Xi2, Xi3 ∼ N(0, 1), Xi4 ∼ Bernoulli(0.5), and Xi5 is a categorical variable

taking values {1, 2, 3} with equal probability. The distributions of Ri and Yi are given by

Ri | Xi ∼ Bernoulli (Φ [e(Xi)]) , Yi | Xi ∼ N (m(Xi), 1) ,

where Φ denotes the cumulative distribution function of the standard normal distribution.

We analyze the finite-sample effects of varying the complexity of the conditional mean

function m and the propensity score for sample sizes n ∈ {1000, 2000}. Throughout our

simulations, the number of Monte Carlo replications is set to 1,000.

We consider four designs for the function e(·) that determines the propensity score by

π(x) = Φ(e(x)) and for the conditional mean function m(·). In all four designs, neither e(·)
nor m(·) is additively separable in x. The complexity of the nuisance functions increases

as more interaction terms are added.

Design I: e(x) = −0.2x1 + 0.4x1x3, m(x) = 1 + x1x2 + x1x3 + x2 + x4 + h(x5),

Design II: e(x) = −0.2x1 + 0.4x1x3, m(x) = 1 + x1x3 + x2x3 + x2x4 + h(x5),

Design III: e(x) = −0.2x1 +0.4x1x3 +0.4x2x3, m(x) = 1+x1x3 +x2x3 +x2x4 +h(x5),

Design IV: e(x) = −0.2x1 + 0.4x1x3 + 0.4x2x3, m(x) = 1 +x1x3 +x2x3 +x2x4 + h̃(x),

where h(x5) = (51 {x5 = 1} − 1 {x5 = 2} − 1)/2 and h̃(x) = ((4x1 + 1)1 {x5 = 1} −
1 {x5 = 2} − 1)/2 + sin(x4x5), with 1{·} denoting the indicator function.

We evaluate six inference methods. Standard BART obtains the posterior of the con-

ditional mean function mη(·) using BART, and then averages over the covariates using

Bayesian-bootstrap weights. Implementation relies on the R package BART (Sparapani

et al., 2021): the posterior of mη(·) is computed using the function gbart with argument

type = wbart. We draw 2,000 posterior samples after discarding a burn-in of 500, with the

number of trees set to T = 200. Default priors from the package are used; see Appendix E

for details. One-step BART applies the posterior correction of Yiu et al. (2025), which

uses posteriors of both m(·) and π(·) obtained via BART or its probit variant.3 One-step

BARTγ̂ as given in (2.4) is a variant of the one-step BART that uses a pilot estimate for

the propensity score π(·).4 RoBART, the robust BART method described in Algorithm 2,

3We implement probit BART by calling gbart with type = pbart.
4It can be viewed as assigning a degenerate prior to the propensity score π(·). Its implementation

follows Algorithm 2 but without the debiasing term b̂kη.
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combines the BART posterior of mη(·), a plug-in estimator for the propensity score π0(·),
and the debiasing term b̂η in (2.13). RoBART applies cross-fitting with K = 5 folds. The

propensity score is estimated using a probit LASSO that includes all pairwise interactions

of X’s as regressors. The debiasing term also involves an estimator for m0(·), which is

constructed by the posterior mean of mη(·) produced by BART. We also consider two vari-

ants of a frequentist double machine learning estimator (Chernozhukov et al., 2017, 2018):

DML–BART estimates π(·) using a probit LASSO and m(·) using the BART posterior

mean; DML–RF applies the same estimator for π(·) but a random forest estimator for

m(·). Both DML variants use cross-fitting with K = 5 folds and report the usual Wald

confidence interval based on the sample variance of the estimated orthogonal score. DML–

BART is deliberately constructed from exactly the same partition (Ik)
K
k=1 and the same

pilot estimators (m̂(−k), π̂(−k)) as RoBART, so that the equivalence of Section 2 applies and

the two procedures differ only in how they quantify uncertainty.

Table 1 reports the Monte Carlo bias, the coverage probability (CP) of the nominal

95% interval estimates, and the average interval length (CIL) for each method. Standard

BART is biased and undercovers in every design, and its coverage remains far below the

nominal level when the sample size doubles. One-step BART reduces the bias by 16% to

28% and raises coverage by 6 to 20 percentage points, but the improvement is not sufficient,

especially when the design complexity increases. The variant One-step BARTγ̂ also reduces

the bias and improves the coverage at the sample size n = 1000, but stops doing so at

n = 2000. RoBART, on the other hand, produces substantially smaller bias and close-to-

nominal empirical coverage probabilities throughout all designs. These results align with

our theoretical discussion below Theorem 8. As every design contains additive components

depending on more than one covariate, the sieve of tree ensembles that carries the posterior

mass may fail the stochastic equicontinuity condition supη∈Hmn |Gn[mη − m0]| = oP0(1),

and the bias term b0,η of Theorem 2 need not be asymptotically negligible. By explicitly

removing b0,η, our RoBART demonstrates robust performance throughout all designs with

its advantage over standard and one-step BART increasing with the complexity of nuisance

functions. The cross-fitted nature of RoBART is likely to contribute to its coverage as well

through the reduced dependence between the pilot estimators entering the debiasing term

and the subsample that generates the posterior draw. The comparison of the RoBART and

DML–BART rows is a direct numerical check of the equivalence established in Section 2.

Because the two procedures use the same folds and the same pilot estimators, the average

of the fold-specific posterior means of RoBART is algebraically identical to the cross-fitted

DML. The table confirms this: the two rows report the same bias to three decimals in

six of the eight design and sample size cells and differ by 0.001 in the remaining two,

the residual discrepancy being simulation error from approximating the posterior mean by

the average of S finite posterior draws. In terms of uncertainty quantification, RoBART

exhibits better coverage performance than DML–BART in all eight cells, and the gap

widens with the complexity of the design, from 0.7 and 1.4 percentage points in Designs

I and II to 3.0 and 4.3 points in Designs III and IV at n = 1000, and to 3.9 points in
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Table 1: Finite-sample performance of BART-based and DML inference methods for the
mean response with missing data. Bias, coverage probability (CP) of the nominal 95%
interval estimates and average interval length (CIL), computed over 1,000 Monte Carlo
replications.

n Method Design I Design II Design III Design IV

Bias CP CIL Bias CP CIL Bias CP CIL Bias CP CIL

1000 BART 0.088 0.813 0.331 0.087 0.797 0.315 0.166 0.448 0.315 0.174 0.426 0.315

One-step BART 0.069 0.879 0.343 0.067 0.868 0.326 0.134 0.646 0.328 0.146 0.594 0.328

One-step BARTγ̂ 0.077 0.882 0.433 0.069 0.882 0.418 0.132 0.716 0.482 0.139 0.710 0.496

RoBART 0.010 0.948 0.421 0.007 0.947 0.407 0.029 0.920 0.471 0.041 0.918 0.480

DML–BART 0.011 0.941 0.413 0.007 0.933 0.395 0.029 0.890 0.440 0.040 0.875 0.441

DML–RF 0.039 0.936 0.444 0.035 0.933 0.420 0.076 0.853 0.472 0.071 0.870 0.477

2000 BART 0.059 0.816 0.236 0.057 0.812 0.224 0.106 0.547 0.224 0.116 0.473 0.224

One-step BART 0.043 0.875 0.241 0.041 0.886 0.229 0.081 0.708 0.231 0.093 0.635 0.231

One-step BARTγ̂ 0.081 0.778 0.275 0.075 0.784 0.270 0.132 0.539 0.342 0.152 0.452 0.332

RoBART 0.014 0.932 0.266 0.011 0.941 0.261 0.020 0.941 0.334 0.031 0.927 0.320

DML–BART 0.014 0.928 0.263 0.011 0.933 0.251 0.020 0.902 0.294 0.031 0.888 0.292

DML–RF 0.037 0.901 0.312 0.033 0.922 0.296 0.064 0.818 0.361 0.061 0.837 0.361

both Designs III and IV at n = 2000. The price is a moderate increase in the interval

length. The superior coverage performance of RoBART likely reflects its propagation of

the BART posterior uncertainty about mη together with the Bayesian-bootstrap variation,

compared with DML’s fixed pilot m̂(−k). DML–RF, which replaces the BART pilot for the

conditional mean by a random forest, produces larger bias in every cell and worse coverage

than DML–BART, except in Design II at n = 1000 where the two coincide. Its intervals

are longer than those of DML–BART throughout, and comparable to or longer than those

of RoBART except in Design IV at n = 1000.

5.2 Empirical Application

We apply the BART-based methods to a subsample of data from the National Health

and Nutrition Examination Survey (NHANES) 2007–2008, previously analyzed by Chan

et al. (2016).5 The parameter of interest is the average treatment effect (ATE), defined as

E[Yi(1)−Yi(0)], of participating in school meal programs (D) on body mass index (BMI) for

children and youths aged 4–17 years (Y ). The covariates X include eleven variables: child

age, child gender, race dummies (Black and Hispanic), an indicator for family income above

200% of the federal poverty level, indicators for participation in the special supplemental

nutrition program and in the food stamp program, an indicator for childhood food security,

an insurance coverage dummy, and the age and gender of the survey respondent (an adult

5The data file nhanes bmi.csv is publicly available from Ding (2023), Replication Data for: A First
Course in Causal Inference, Harvard Dataverse, V4, https://doi.org/10.7910/DVN/ZX3VEV.
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in the family). The sample size is 2330.

We adapt BART and DML methods from the simulation study to the ATE setting

(see Appendix C for RoBART for the ATE), and present the results in Table 2. As in

the simulation study, RoBART applies cross-fitting with K = 5 folds, and DML–BART is

computed from the same partition and the same pilot estimators as RoBART. In addition

to the methods considered in the simulation study, we replicate two frequentist estimates

from Chan et al. (2016): IPW refers to the inverse propensity score weighting estimator

(Hájek-type) and CAL refers to the calibration estimator recommended by Chan et al.

(2016).6

Table 2 shows that all estimated effects of school meal programs on BMI are small

relative to the sample mean BMI of 20.11 (standard deviation 5.42). In absolute value,

BART, DML–RF and IPW yield comparatively larger point estimates, while RoBART,

DML–BART, CAL and One-step BART lead to estimates closer to zero. Every 95% interval

estimate contains zero, so the sign of the average effect cannot be determined once sampling

uncertainty is taken into account.

The application also reproduces, on real data, the numerical equivalence established in

Section 2 and documented in the simulations. RoBART and DML–BART report the same

point estimate of 0.07. The two procedures differ only in how they quantify uncertainty,

and here the RoBART credible interval [−0.36, 0.50] is marginally shorter than the corre-

sponding Wald interval [−0.37, 0.51]. Replacing the BART pilot for the outcome regression

by a random forest, as in DML–RF, moves the point estimate to 0.15. One-step BART

produces the most dispersed posterior and hence the widest interval among the meth-

ods considered. The variant One-step BARTγ̂ leads to a narrower credible interval than

One-step BART, although it is still wider than those of the other BART-based methods.

Overall, our RoBART, DML–BART and the calibration estimator of Chan et al. (2016)

combine point estimates close to zero with the shortest intervals, leading to comparatively

precise and stable inference.

6 Conclusion

This paper studies semiparametric posterior inference with BART outside the Donsker

regime. We show that the natural one-step BART posterior can retain a centering bias

and develop RoBART to remove this bias while preserving the posterior variation gener-

ated by BART and the Bayesian bootstrap. For the cross-fitted procedure, we establish a

Bernstein–von Mises theorem under primitive conditions tailored to BART. Our point esti-

mator, the average of the fold-specific posterior means in the cross-fitted version, coincides

exactly with the corresponding DML estimator. This strong equivalence further justifies

our correction procedure. Our theoretical and numerical results demonstrate that RoBART

6We take the calibration estimator with exponential tilting as a representative; other versions of cal-
ibration estimates reported in Chan et al. (2016) are similar in terms of the magnitude and confidence
interval.
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Table 2: Bayesian and frequentist ATE estimates of the effect of school meal programs on
children’s and youths’ BMI, n = 2330.

Method ATE 95% CI CIL

BART 0.15 [−0.30, 0.60] 0.90

One-step BART −0.02 [−0.79, 0.66] 1.45

One-step BARTγ̂ 0.04 [−0.44, 0.51] 0.95

RoBART 0.07 [−0.36, 0.50] 0.86

DML–BART 0.07 [−0.37, 0.51] 0.88

DML–RF 0.15 [−0.30, 0.60] 0.90

IPW −0.14 [−0.62, 0.34] 0.96

CAL −0.04 [−0.48, 0.40] 0.88

provides a theoretically sound posterior distribution for uncertainty quantification around

an established robust and efficient frequentist center.

RoBART and DML share the same point-estimation center when constructed using the

same folds and nuisance estimators, so their comparison isolates differences in uncertainty

quantification. Although the two procedures have the same first-order asymptotic distri-

bution, our simulations show that RoBART achieves coverage closer to the nominal level

in finite samples, with the improvement becoming more pronounced as the nuisance func-

tions become more complex. This pattern is consistent with the different ways in which

uncertainty is quantified: RoBART propagates posterior uncertainty about the conditional

mean function together with Bayesian-bootstrap variation, whereas the conventional DML

Wald interval is based on the estimated orthogonal score and treats the estimated nuisance

functions as fixed. These differences vanish asymptotically under our conditions but can

matter substantially in finite samples.
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A Proofs of Main Results

In the following, we denote the log-likelihood of the conditional probability density function

as

`n(mη) =
n∑
i=1

Ri log fmη(Yi | Xi),

which depends on the conditional mean function mη(·). We use the empirical process and

bootstrap process notations by writing Pn[h] = n−1
∑n

i=1 h(Zi) and P∗n[h] =
∑n

i=1 Wnih(Zi).

Recall the definition of the measurable sets Hm
n of functions mη such that Π(mη ∈ Hm

n |
Z(n)) →P0 1. We introduce the conditional prior Πn(·) := Π(· ∩ Hm

n )/Π(Hm
n ). Our BvM

theorem makes use of a frequentist estimator χ̂ as the centering term. Note that this

estimator itself is not needed in constructing the Bayesian point estimator or the credible

set. All we require is that it admits the linear representation with the efficient influence

function. For simplicity of notation, we introduce

ρm(y, x) = y −m(x).

The frequentist estimator χ̂ is required to satisfy the linear representation with the efficient

influence function given in (2.6) under P0. We set χ̂ = Pn [m0 + γ̂ρm0 ] and indeed due to

Lemma C.2 of Breunig et al. (2025b) this choice is justified since

χ̂ = Pn [m0 + γ̂ρm0 ] = Pn [m0 + γ0ρ
m0 ] + oP0(n

−1/2) = χ0 + Pnχ̃0 + oP0(n
−1/2),

which is used in the proofs presented below.

Proof of Theorem 2. As in Theorem 2 in Ray and van der Vaart (2020), we assume that the

propensity score estimator π̂ is constructed from observations that are independent of Z(n),

as imposed in Assumption 2. Accordingly, we treat π̂ as a deterministic sequence πn in the

sequel and define γn(r, x) = r/πn(x). Consequently, we can write χη,γn = P∗n[mη + γnρ
mη ].

By Theorem 1.13.1 in van der Vaart and Wellner (1996), we can show this by establishing

the convergence of the conditional Laplace transform

In(t) :=

∫∫
η∈Hn exp (t

√
n(χη,γn − χ̂− b0,η)) dΠW (W (n)|Z(n))e`n(mη)dΠ(mη)∫

η∈Hn e
`n(mη)dΠ(mη)

.
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We proceed with the following decomposition:

χη,γn − χ̂ =P∗n [m0 + γnρ
m0 ]− Pn [m0 + γnρ

m0 ] + P∗n [mη −m0 − γn(mη −m0)]

=(P∗n − Pn) [m0 + γ0ρ
m0 ] + (P∗n − Pn) [mη −m0 − γn(mη −m0) + (γn − γ0)ρm0 ]︸ ︷︷ ︸

=:ϑn,η

+ Pn [mη −m0 − γ0(mη −m0)]︸ ︷︷ ︸
=b0,η

+Pn [(γ0 − γn)(mη −m0)]︸ ︷︷ ︸
=:rn,η

,

by the definition of the bias term b0,η. For the remainder term rn,η, we further express it as

rn,η = (Pn − P0) [(γ0 − γn)(mη −m0)] + P0 [(γ0 − γn)(mη −m0)] ,

|rn,η| ≤ |(Pn − P0) [(γ0 − γn)(mη −m0)]|+ 1

c
‖1/πn‖∞‖πn − π0‖2,µ0‖mη −m0‖2,µ0 , (A.1)

by employing the Cauchy–Schwarz inequality and the overlap condition in Assumption 1.

Hence, we obtain supη∈Hn
√
n|rn,η| = oP0(1), by invoking the stochastic equicontinuity

condition (3.4) imposed in Assumption 3 for the first term, and the convergence rate

conditions in Assumption 2 for the second term on the right-hand side of the inequality

(A.1).

By definition, we can express the first term as (P∗n−Pn) [m0 + γ0ρ
m0 ] = (P∗n−Pn)χ̃0. Us-

ing the notation of the influence function at P0 given by χ̃0(z) = m0(x)+γ0(r, x)ρm0(y, x)−
χ0, we may write

χη,γn − χ̂− b0,η =(P∗n − Pn)(χ̃0 + ϑn,η) + rn,η.

Thus, the conditional Laplace transform becomes

In(t) =

∫∫
η∈Hn e

(t
√
n(P∗

n−Pn)(χ̃0+ϑn,η))dΠW (W (n) | Z(n))e`n(mη)dΠ(mη)∫
η∈Hn e

`n(mη)dΠ(mη)
× eoP0 (1).

Under Assumption 3 (i), we apply Lemma 12 to the function class {χ̃0 + ϑn,η : η ∈ Hn}.
Given that the estimated propensity score is bounded away from zero in Assumption 2,

the Glivenko–Cantelli property as well as the required moment conditions on the envelope

function are satisfied by the corresponding assumptions on the class {mη : η ∈ Hn} in

Assumption 3 (i). The conclusion from Lemma 12 gives us

sup
η∈Hn

∣∣∣E [et√n(P∗
n−Pn)(χ̃0+ϑn,η)

∣∣∣ Z(n)
]
− et2V ar0(χ̃0(Z)+ϑn,η(Z))/2

∣∣∣ = oP0(1).

Under Assumption 2 we show in Lemma 14 that

sup
η∈Hn

|V ar0 (χ̃0(Z) + ϑn,η(Z))− V ar0 (χ̃0(Z))| → 0. (A.2)

We emphasize that the above uniform convergence only requires the influence function
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χ̃0 + ϑn,η to be in the P0-Glivenko–Cantelli class, not necessarily the P0-Donsker class.

Therefore, we have

In(t) = et
2V ar0(χ̃0(Z))/2eoP0 (1)

∫
η∈Hn e

`n(mη) dΠ(mη)∫
η∈Hn e

`n(mη) dΠ(mη)
= et

2V ar0(χ̃0(Z))/2eoP0 (1),

which concludes the proof.

The original setup in Breunig et al. (2025a) concerns estimation of the average treatment

effect. Our missing-data example can be viewed as applying the proposal of Breunig et al.

(2025a) to the treated (or control) arm only. For concreteness, we adapt the proof of their

Corollary 3.1 to show that the feasible estimator b̂η approximates b0,η uniformly well in the

missing-data problem.

Proof of Theorem 4. It is sufficient to show that supη∈Hn

∣∣∣b0,η − b̂η
∣∣∣ = oP0(n

−1/2), where

b0,η = Pn[(γ0−1)(m0−mη)] and b̂η = Pn[(γ̂−1)(m̂−mη)]. We make use of the decomposition

b0,η − b̂η = Pn[(γ0 − γ̂)(m0 −mη)] + Pn[(γ̂ − 1)(m0 − m̂)]. (A.3)

Consider the first summand on the right-hand side of the previous equation. From As-

sumption 3 we infer

√
n sup
η∈Hn

|Pn[(γ0 − γ̂)(m0 −mη)]| ≤ sup
η∈Hn

|Gn[(γ0 − γ̂)(m0 −mη)]|

+
√
n sup
η∈Hn

|P0[(γ0 − γ̂)(m0 −mη)]|

≤ oP0(1) +OP0(1)×
√
n‖π0 − π̂‖2,µ0 sup

η∈Hn
‖mη −m0‖2,µ0 = oP0(1),

using Assumption 3 (ii), the Cauchy–Schwarz inequality and Assumption 2. Consider the

second summand on the right-hand side of (A.3). Another application of the Cauchy–

Schwarz inequality and Assumption 2 yields

Pn[(γ̂ − 1)(m0 − m̂)] = Pn[(γ0 − 1)(m0 − m̂)] + oP0(n
−1/2)

= Pn
[
R− π0(X)

π0(X)
(m0(X)− m̂(X))

]
+ oP0(n

−1/2).

Under Assumption 2, we apply Lemma 13 to get Pn
[
R−π0(X)
π0(X)

(m0(X)− m̂(X))
]

=

oP0(n
−1/2). Hence, we obtain Pn[(γ0 − 1)(m0 − m̂)] = oP0(n

−1/2), which completes

the proof.

We present a proof of the validity of the K-fold posterior cross-fitting procedure. Recall

that we partition the sample of size n into K folds of sizes nk � n/K, k = 1, . . . , K. For

each fold k, let χ̂k denote the frequentist DML estimator computed on fold k, serving as

the centering point in the Bernstein–von Mises theorem. Denote by `nk(m
k
η) the likelihood
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function in fold k, and let Z(nk) and W (nk) denote the observed data and Bayesian-bootstrap

weights in fold k, respectively. Let a ∨ b denote the maximum of a and b.

Proof of Theorem 8. First, we argue that it suffices to check the conditional convergence

for each fold-specific posterior in order to get the desired result. For each fold k, define the

posterior Laplace transform

Ink(t) = EΠ

[
exp

(
t

√
n

K
(χ̌kη − χ̂k)

) ∣∣∣Z(nk)

]

=

∫∫
exp
(
t
√
n
K

(χkη,γ̂ − χ̂k − b̂kη)
)

dΠW (W (nk)|Z(nk)) e`nk (mkη) dΠ(mk
η)∫

e`nk (mkη) dΠ(mk
η)

.

Note that Ink(t) depends on the entire dataset (Z(n1), . . . , Z(nK)) through pilot estimation,

but the sampling from each posterior distribution is made independently across the K folds.

Once we verify the high-level assumptions that lead to Theorem 2 and Theorem 4, for each

fixed t in a neighborhood of zero, we get Ink(t) →P0 exp(v0t
2/(2K)). Since posterior

draws are generated independently across folds, the joint Laplace transform of

LΠ

(√
n

K
(χ1

η,γ̂ − χ̂1 − b̂1
η)
∣∣Z(n1)

)
∗ . . . ∗ LΠ

(√
n

K
(χKη,γ̂ − χ̂K − b̂Kη )

∣∣Z(nK)

)
(A.4)

factorizes into

K∏
k=1

Ink(t) →P0

K∏
k=1

exp

(
v0t

2

2K

)
= exp

(
v0t

2

2

)
.

This limit is precisely the Laplace transform of a centered Gaussian distribution with

variance v0. By Theorem 1.13.1 of van der Vaart and Wellner (1996), this conditional con-

vergence of Laplace transforms implies the distributional convergence in bounded Lipschitz

distance. Thus, the posterior law in (A.4) converges conditionally to the correct Gaussian

limit.

Now, we check the high-level assumptions that lead to our BvM theorem for the fold-

specific posterior. In the remaining proof, we suppress the subscript or superscript related

to the k-th fold to lower the notational burden. The statement is understood to be with

respect to any given fold, for k = 1, . . . , K.

First, we provide the construction of measurable sets Hn such that Π(η ∈ Hn |
Z(n)) →P0 1 in Assumption 2. As we impose the BART-type priors over the conditional

mean function, it suffices to find the proper sets Hm
n for mη such that Π(mη ∈ Hm

n |
Z(n))→P0 1. Referring to the sieve set defined by equation (D.1), we work with

Hm
n := {mη : mη ∈Mn, ‖mη −m0‖2,µ0 . εn} . (A.5)
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We prove the following posterior contraction in Lemma D.1:

Π(m ∈Mn : ‖m−m0‖2,µ0 > Cn εn | Z(n))→P0 0, (A.6)

with εn = n−α/(2α+q0)
√

log n for any Cn → ∞ as n, p → ∞. In Lemma D.1, we have

shown that Π(mη /∈ Mn) →P0 0. Combined with Lemma 1 in Ghosal and van der Vaart

(2007), this yields Π(mη /∈ Mn | Z(n)) →P0 0. Taken together, we have shown that

Π(mη ∈ Hm
n | Z(n))→P0 1.

Under the uniform boundedness assumption of the conditional mean, the requirement

for the envelope functions in (3.3) is satisfied. Regarding the P0-Glivenko–Cantelli property

of {mη −m0} for mη ∈ Gn, it is sufficient to verify this for the sieve set Mn. Let ‖ · ‖n
denote the empirical L2(Pn)-norm. ForMn with L̄n ∼ n ε2

n/ log n and s̄n ∼ n ε2
n/ log(p∨n),

the proof of Lemma D.1 shows that logN(ε,Mn, ‖ · ‖n) . nq0/(2α+q0) log n = o(n) for any

given ε > 0. This satisfies the requirement about the growth of the entropy number in

Theorem 2.4.3 of van der Vaart and Wellner (1996), which verifies the P0-Glivenko–Cantelli

property.

For the stochastic equicontinuity condition, we apply the multiplier inequality as stated

in Lemma 11:

sup
η∈Hn

|Gn [(γ0 − γn) (mη −m0)]|

≤ 4‖γn − γ0‖∞E0 sup
η∈Hn

|Gn(mη −m0)|+
√
P0(γn − γ0)2 sup

η∈Hn
|P0(mη −m0)|

. ‖πn − π0‖∞E0 sup
η∈Hn

|Gn(mη −m0)|+ ‖πn − π0‖2,µ0 sup
η∈Hn

‖mη −m0‖2,µ0

. ‖πn − π0‖∞
√
nεn + ‖πn − π0‖2,µ0εn = oP0(1).

In the last inequality, we have applied the upper bound E0 supmη∈Mn(εn) |Gn(mη −m0)| .
√
n εn, as given in Lemma D.2, where Mn(εn) is defined.

When it comes to the function class with the additive structure, we modify the posterior

rate of contraction by εaddn =
√∑T0

t=1 n
−2αt/(2αt+qt0) log n for a fixed T0 < T . Following the

second part of Lemma D.1, we have

Π(mη ∈Mn : ‖mη −m0‖2,µ0 > Cn ε
add
n | Z(n))→P0 0,

for any Cn → ∞ as n, p → ∞. The rest of the proof follows similarly to the Hölder

continuous case.
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B Useful Lemmas and Auxiliary Results

B.1 Useful Lemmas

The following lemma is in the same spirit as Lemma 9 in Ray and van der Vaart (2020)

with one important difference: we do not restrict the range of the function ϕ to [0, 1]. This

is important, as we apply this lemma with ϕ = γn− γ0, which can take on negative values.

Accordingly, we use the more general contraction principle from Theorem 4.12 of Ledoux

and Talagrand (1991) instead of Proposition A.1.10 of van der Vaart and Wellner (1996).

This allows us to relax the positive range restriction in Ray and van der Vaart (2020).

Lemma 11. Consider a set H of measurable functions h : Z → R and a bounded measur-

able function ϕ. We have

E sup
h∈H
|Gn(ϕh)| ≤ 4‖ϕ‖∞E sup

h∈H
|Gn(h)|+

√
P0ϕ2 sup

h∈H
|P0h|.

We now state the following generalization of Theorem 1 from Ray and van der Vaart

(2021), where the function class Gn containing g(·) can vary with the sample size. We

strengthen it following similar moment conditions as in Lemma 11 of Yiu et al. (2025). As

discussed by Ray and van der Vaart (2021) on page 2225 therein, this uniformity refers to

the marginal posterior distributions of the process χ̃0 + ϑn,η for η ∈ Hn. It is not about

the distributional convergence of this process as a random element in `∞(Hn).

Lemma 12. Suppose Gn is a sequence of separable classes of measurable functions with

envelope functions Gn, such that

sup
g∈Gn

∣∣∣∣∣ 1n
n∑
i=1

g(Zi)− E0[g(Z)]

∣∣∣∣∣→P0 0.

In addition, limC→∞ lim supn→∞ E0[G2
nI{G2

n > C}] = 0, and E0[G4
n] = o(n). Then for

every t in a sufficiently small neighborhood of 0,

sup
g∈Gn

∣∣∣∣∣E0

[
exp

(
t
√
n

n∑
i=1

(Wni − 1/n)g(Zi)

) ∣∣∣ Z(n)

]
− exp

(
t2V ar0(g(Z))/2

)∣∣∣∣∣→P0 0.

B.2 Smaller Order Terms

The next lemma verifies that the term arising in the debiasing step is asymptotically

negligible. Its proof is in the same spirit as bounding the Rn,2 term in Lemma C.8 of

Breunig et al. (2025b).

Lemma 13. Suppose that the pilot estimator computed over some external independent

sample converges to the true conditional mean in the L2(µ0)-norm, i.e., ‖m̂−m0‖2,µ0 →P0 0.
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If, in addition, the true propensity score is uniformly bounded away from zero, then we have

1√
n

n∑
i=1

Ri − π0(Xi)

π0(Xi)
(m0 − m̂)(Xi) = oP0(1). (B.1)

Proof. We condition on (X1, . . . , Xn), as well as the pilot estimator m̂, which is computed

over the external independent sample. We use the fact that (Ri − π0(Xi)) has conditional

mean zero. Specifically, this leads to

E0

[( 1√
n

n∑
i=1

Ri − π0(Xi)

π0(Xi)
(m̂(Xi)−m0(Xi))

)2 ∣∣∣X1, . . . , Xn, m̂

]

=
1

n

n∑
i=1

(
m̂(Xi)−m0(Xi)

)2V ar0(Ri | Xi)

π2
0(Xi)

using that V ar0(Ri | Xi) = π0(Xi)(1 − π0(Xi)). Consequently, by the overlap condition

1 . π0(Xi) for all 1 ≤ i ≤ n, we obtain

E0

[( 1√
n

n∑
i=1

Ri − π0(Xi)

π0(Xi)
(m0 − m̂)(Xi)

)2
]
. ‖m̂−m0‖2

2,µ0
= o(1),

where the last equality is due to the L2(µ0)-convergence for the pilot estimator m̂. Conse-

quently, the result follows from Markov’s inequality.

For the next result, recall the definition of ϑn,η = [mη −m0 − γn(mη −m0) + (γn − γ0)ρm0 ]

introduced in the proof of Theorem 2.

Lemma 14. Let πn(·) be a sequence of functions uniformly bounded away from zero and

‖πn − π0‖2,µ0 → 0. Uniformly in η ∈ Hn, assume ‖mη −m0‖2,µ0 → 0. Then we have

sup
η∈Hn

|V ar0(χ̃0 + ϑn,η)− V ar0(χ̃0)| → 0.

Proof. Since χ̃0(Z) is centered under P0, we obtain by elementary calculation and the

Cauchy–Schwarz inequality

|V ar0(χ̃0(Z) + ϑn,η(Z))− V ar0(χ̃0(Z))| ≤
∣∣E0(χ̃0(Z) + ϑn,η(Z))2 − E0χ̃

2
0(Z)

∣∣+ (E0ϑn,η(Z))2

≤ 2
√

E0χ̃2
0(Z)

√
E0ϑ2

n,η(Z) + 2E0ϑ
2
n,η(Z)

= 2
(√

v0‖ϑn,η‖2,P0 + ‖ϑn,η‖2
2,P0

)
.
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A close inspection of the function ϑn,η shows that we can proceed by

ϑn,η(Z) = (1− R

πn(X)
)(mη(X)−m0(X)) + (γn(R,X)− γ0(R,X))(Y −m0(X))

=
πn(X)− π0(X)

πn(X)
(mη(X)−m0(X)) +

π0(X)−R
πn(X)

(mη(X)−m0(X))

+ (γn(R,X)− γ0(R,X))(Y −m0(X)).

We now make use of the assumption that πn(·) is uniformly bounded away from zero, as

well as the assumption that the conditional variance of Ri(Yi −m0(Xi)) is in L2(µ0), i.e.,∫
σ2

0(x) dµ0(x) <∞. Thus, we obtain

‖ϑn,η‖2,P0 . ‖mη −m0‖2,µ0 + ‖πn − π0‖2,µ0 + ‖mη −m0‖2,µ0‖πn − π0‖2,µ0 ,

after some simple algebraic steps. The desired conclusion follows from the convergence of

the pilot estimator of the propensity score and supη∈Hn ‖mη −m0‖2,µ0 → 0.

C Potential Outcomes and Treatment Effects

As in Ray and van der Vaart (2020) and Breunig et al. (2025a), our robust procedure

extends naturally to causal inference. Building on the connection between causal inference

and missing-data problems (Imbens, 2004), the additional bias correction terms take the

same form as in Breunig et al. (2025a, 2024). For individual i, consider a treatment indicator

Di ∈ {0, 1}. The observed outcome Yi is determined by Yi = DiYi(1) + (1 − Di)Yi(0)

where (Yi(1), Yi(0)) are the potential outcomes of individual i associated with Di = 1

or 0. We assume unconfoundedness, i.e., that (Yi(1), Yi(0)) is independent of Di given

Xi, as well as the usual overlap condition. The covariates for individual i are denoted

by Xi, a vector of dimension p, with the distribution F0 and the density f0. The key

functional component is the conditional mean function m0(d, x) := E0[Yi|Di = d,Xi = x].

One of the most commonly used causal parameters is the average treatment effect (ATE):

τ0 := E0[m0(1, X) − m0(0, X)]. We can also express it in the one-step updated form

incorporating the correction term:

τ0 = E0

[
(m0(1, X)−m0(0, X)) + γATE

0 (D,X)(Y −m0(D,X))
]
,

where its Riesz representer is

γATE
0 =

D

π0(X)
− 1−D

1− π0(X)
.

The procedure can be applied separately to the mean potential outcomes under treat-

ment and control and then combined to obtain the ATE, as in Breunig et al. (2025a) for

Gaussian process priors with prior and posterior adjustment. Here, we extend this con-
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struction to BART-type priors. The corresponding algorithm for posterior draws of the

ATE is given below. Let m̂ and π̂ be pilot estimators for the conditional mean and propen-

sity score computed over some external sample. We denote the estimated Riesz representer

as

γ̂ATE =
D

π̂(X)
− 1−D

1− π̂(X)
.

Throughout this appendix, let τ [·] denote the linear ATE score operator, defined for a

candidate function m(·, ·) and an observation z = (y, d, x>)> by

τ [m](z) := m(1, x)−m(0, x)− γ̂ATE(d, x)m(d, x). (C.1)

Algorithm 3: Posterior Computation of the ATE

for s = 1, . . . , S do
(a) Generate the s-th posterior draw using the BART prior and the data, and

denote it by (ms
η(Di, Xi))

n
i=1.

(b) Draw weights W s
ni = esi/

∑n
j=1 e

s
j where esi

iid∼ Exp(1), 1 ≤ i ≤ n.

(c) Calculate the recentered posterior draw for the ATE: τ̌ sη := τ sη − b̂sη, where

τ sη =
n∑
i=1

W s
ni

[
ms
η(1, Xi)−ms

η(0, Xi) + γ̂ATE(Di, Xi)
(
Yi −ms

η(Di, Xi)
)]
,

and

b̂sη =
1

n

n∑
i=1

τ
[
ms
η(·, ·)− m̂(·, ·)

]
(Zi), (C.2)

with the ATE score operator τ [ · ] defined in (C.1).

Output:
{
τ̌ sη : s = 1, . . . , S

}
Besides the ATE, the average treatment effect on the treated (ATT) is of policy interest,

especially to economists (Heckman et al., 1997). In order to facilitate the comparison with

Yiu et al. (2025), who also study the ATT, we outline our strategy to model the ATT, which

is defined as follows: θ0 = E0[Di(Yi −m0(0, Xi))]/E0[Di]. Its one-step updated version is

θ0 =
E0[Di(Yi −m0(0, Xi))]

E0[Di]
+ E0

[
γATT

0 (D,X)(Y −m0(D,X))
]
,

where the Riesz representer is given by

γATT
0 (D,X) =

D

π̄0

− 1−D
π̄0

π0(X)

1− π0(X)
,

where π̄0 := E0[Di] = E0[π0(X)] denotes the scalar treatment proportion, to be distin-

guished from the propensity score function π0(·). In this case, the estimated Riesz repre-
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senter is

γ̂ATT(D,X) =
D̂̄π − 1−D̂̄π π̂(X)

1− π̂(X)
,

where ̂̄π = 1
n

∑n
i=1 Di. We only need to obtain the pilot estimator and the posterior draws

for the conditional mean in the control arm.

Algorithm 4 describes the K-fold cross-fitted version of RoBART for the ATE.

Algorithm 4: RoBART for the ATE with K-fold cross-fitting

(a) Take a K-fold random partition (Ik)
K
k=1 of observation indices. The size of each

fold Ik is n/K.

for k = 1, . . . , K do

(b) Use the subsample {(Di, X
>
i )>}i/∈Ik to construct the estimator π̂(−k)(x). Set

γ̂
(−k)
ATE (d, x) = d/π̂(−k)(x)− (1− d)/(1− π̂(−k)(x)).

(c) Use the subsample {(Yi, Di, X
>
i )}i/∈Ik to construct the estimator m̂(−k)(d, x).

for s = 1, . . . , S do
(d) Generate the s-th draw of the posterior of (mη(Di, Xi))i∈Ik using the

BART prior and the subsample {(Yi, Di, X
>
i )}i∈Ik ; denote it as

(mk,s
η (Di, Xi))i∈Ik .

(e) Draw Bayesian-bootstrap weights W k,s
i = ek,si /

∑
j∈Ik e

k,s
j with

ek,si
iid∼ Exp(1), i ∈ Ik.

(f) Calculate the recentered posterior draw for the ATE: τ̌ k,sη := τ k,sη − b̂k,sη ,

where

τ k,sη =
∑
i∈Ik

W k,s
i

[
(mk,s

η (1, Xi)−mk,s
η (0, Xi)) + γ̂

(−k)
ATE (Di, Xi)

(
Yi −mk,s

η (Di, Xi)
)]
,

and

b̂k,sη =
K

n

∑
i∈Ik

τ (−k)[mk,s
η (·, ·)− m̂(−k)(·, ·)](Zi), (C.3)

where τ (−k)[ · ] is the ATE score operator (C.1) with γ̂ATE replaced by the

fold-specific γ̂
(−k)
ATE .

Output: {τ̌ sη = 1
K

∑K
k=1 τ̌

k,s
η : s = 1, . . . , S}.

D Technical Results for Regression Trees

In tree-structured models, the idea is to recursively apply binary splitting rules to partition

the support of covariates. Although tree-based partitioning allows splits to occur anywhere

in the domain, it is often preferable to select split-points from a discrete set (Chipman

et al., 2010). Recall that for the Cartesian product of p subsets of R, i.e., Ω ⊂ Rp, we

denote the j-th projection mapping of Ω by [Ω]j = {xj ∈ R : (x1, . . . , xp)
> ∈ Ω}. For a

given split-net X , we call each point xi = (xi1, . . . , xip)
> a split-candidate. For a given

splitting coordinate j and a split-net X , a split-point will be chosen from [X ]j ∩ int([Ω]j) to
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dichotomize a box Ω. Note that [X ]j = {xij ∈ [0, 1], i = 1, . . . , bn} may have fewer elements

than X due to duplication. We denote by bj(X ) the cardinality of [X ]j, i.e., the number of

unique elements in the bn-tuple (x1j, . . . , xbnj).

In this appendix, we prove the posterior rate of contraction for BART. The first rigorous

analysis covering the random-design case appears in Jeong and Ročková (2023) for a more

general piecewise heterogeneous anisotropic Hölder class. Our setup can be seen as a

special case of Jeong and Ročková (2023) by restricting to the isotropic Hölder continuous

class. For two generic probability densities p and q, we denote the Kullback–Leibler (KL)

divergence by K(p, q) and the square KL variation by V (p, q); see Appendix B in Ghosal

and van der Vaart (2017). Furthermore, denote the Hellinger distance by ρH(·, ·). Our

derivation of the posterior contraction rate builds on considering sieve sets on which the

prior concentrates.

With given E and 0 < M̄ <∞, we define the function space

ME,M̄ :=
{
mE,B ∈ME : ‖B‖∞ ≤ M̄

}
,

where ‖ · ‖∞ denotes the supremum norm of the vector B. We consider the collection of all

ME,M̄ such that the number of terminal nodes is upper bounded by L̄n and the number of

active splitting variables is upper bounded by s̄n for each individual tree in the following

sieve set

Mn :=Ms̄n,L̄n,M̄ :=
⋃

E:|S|≤s̄n,Lt≤L̄n,1≤t≤T

ME,M̄ , (D.1)

where S ⊆ {1, . . . , p} is the set of splitting variables used by E (with cardinality s = |S|),
L̄n ∼ n ε2

n/ log n, s̄n ∼ n ε2
n/ log(p∨n), and M̄ is the upper bound for individual step height

in its prior distribution. Because the prior for each step height has a bounded density with

compact support, we work with a fixed M̄ , rather than a growing upper bound for the

normal density in Jeong and Ročková (2023).

Lemma D.1. Under the assumptions stated in Theorem 8 for m0 ∈ Fp(α,S0), we have

Π
(
m ∈Mn : ‖m−m0‖2,µ0 > Cn εn

∣∣ Z(n)
)
→P0 0,

with εn = n−α/(2α+q0)
√

log n for any Cn → ∞ as n, p → ∞. For m0 ∈ Faddp (α,S0), the

posterior rate of contraction holds with εaddn .

Proof. We prove the result for m0 in the Hölder continuous class and outline the changes

needed for the additive class. Let m1,m2 denote two generic conditional mean functions

in the Gaussian model for the outcome variable with associated densities fm1 , fm2 . Then,

the Hellinger distance ρH(·, ·) satisfies

‖m1 −m2‖2
2,µ0

. ρ2
H(fm1 , fm2) . ‖m1 −m2‖2,µ0 ,

by Lemma B.1 in the supplementary material of Xie and Xu (2020) under our Assumption
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6 (iii). Hence, it is sufficient to check the convergence in terms of ρH . In addition, we have

max{K(fm0 , fmη), V (fm0 , fmη)} . ‖m0 −mη‖2
2,µ0

.

Define Bn := {mη : max{K(fm0 , fmη), V (fm0 , fmη)} ≤ ε2
n}. To check the posterior rate of

contraction, we verify the high-level assumptions from Theorem 2.1 in Ghosal et al. (2000):

Π(mη ∈ Bn) ≥ c1 exp(−c2n ε
2
n), (D.2)

logN(εn,Mn, ρH) ≤ c3n ε
2
n, (D.3)

Π(mη /∈Mn) ≤ exp(−c4n ε
2
n), (D.4)

for positive constants c1, . . . , c4.

Referring to the first inequality (D.2), it follows by the direct calculation of the normal

likelihood:

Bn ⊃ {mη : ‖mη −m0‖2,µ0 ≤ C1εn}, (D.5)

under Assumption 6 (iii). Then we construct an approximating ensemble denoted by Ê =

{T̂ 1, . . . , T̂ T}. By restricting the function space to the one constructed by Ê , we have

Π(mη : ‖mη −m0‖2,µ0 ≤ C1εn) ≥ Π(Ê)︸ ︷︷ ︸
1

Π(mη ∈MÊ : ‖mη −m0‖2,µ0 ≤ C1εn)︸ ︷︷ ︸
2

. (D.6)

We provide the lower bound for the two prior probabilities separately. For a given split-net

X , there exists by Assumption 5 a tree partition T̂ generating an approximating function

m0,T̂ ,β̂ such that ‖m0 −m0,T̂ ,β̂‖∞ . εn. An approximating ensemble Ê can be constructed

by setting T̂ 1 to be T̂ and T̂ t = [0, 1]p for t = 2, . . . , T so that the rest of the trees are root

nodes with no splits. Under Assumption 6 (i)(ii), we have

log Π(Ê) =
T∑
t=1

log Π(T̂ t) = log Π(T̂ 1) + (T − 1) log(1− ν) ≥ −C2n ε
2
n,

where the last inequality follows from Lemma 4 in Jeong and Ročková (2023).

Referring to the second part 2 , we have ‖mη − m0‖2,µ0 . ‖mη − m0,T̂ ,β̂‖∞ + εn for

some m0,T̂ ,β̂ ∈ MT̂ . We set all trees in Ê to be the root nodes except for the first one

T̂ 1 = T̂ . Every step-height vector B for Ê has the form B = (β1,β2, . . . ,βT )> ∈ RL̂+T−1

with β1 ∈ RL̂ and βt ∈ R with t = 2, . . . , T , where L̂ is the size of T̂ . By letting

B̂ = (β̂, 0, . . . , 0)>, we can write m0,T̂ ,β̂ = m0,Ê,B̂. Then, we obtain

Π(mη ∈MÊ : ‖mη −m0‖2,µ0 ≤ C1εn) ≥ Π(mη ∈MÊ : ‖mη −m0,Ê,B̂‖∞ ≤ C2εn).

A similar calculation as in the proof of Lemma 5 in Jeong and Ročková (2023) leads to

the lower bound of the right hand side of the above inequality. By Assumption 6 (iii)

where the step-height priors are independent and compactly supported, we can simply
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replace the Gaussian small-ball probability bounds with the volume of order CνL̂∗
n with

νn = εnσ
−1
max(A−1)/

√
L̂∗ for L̂∗ = L̂ + T − 1, by lower bounding the volume of {B ∈ RL̂∗ :

‖AB‖2 ≤ Cνn} for some non-singular matrix A. Hence, we have

log Π(Ê) ≥ −C2n ε
2
n, log Π(mη ∈MÊ : ‖mη −m0‖∞ ≤ C3εn) ≥ −C4n ε

2
n.

The above two inequalities combined with (D.5) and (D.6) give us the desired bound in

(D.2).

Next, we bound the entropy number in (D.3). Under the unit Gaussian error assump-

tion, we can bound the Hellinger distance between fm1 and fm2 by the L2(µ0)-distance

‖m1 −m2‖2,µ0 by Lemma 2.7 (i) in Ghosal and van der Vaart (2017). We proceed to up-

per bound logN(ε,Mn, ‖ · ‖∞) for the stronger supremum norm. Define ES,L1,...,LT as the

collection of all tree ensembles E with given S, L1, . . . , LT . By construction, we have the

upper bound

N(εn,Mn, ‖ · ‖∞) ≤
∑

S:|S|≤s̄n

∑
(L1,...,LT ):Lt≤L̄n

∑
E∈E

S,L1,...,LT

N(εn,ME,M̄ , ‖ · ‖∞),

where we recall that L̄n ∼ n ε2
n/ log n and s̄n ∼ n ε2

n/ log(p ∨ n). For any given E and

B1,B2 ∈ R
∑T
t=1 L

t
, we have

‖mE,B1 −mE,B2‖∞ = sup
x∈[0,1]p

∣∣∣∣∣
T∑
t=1

Lt∑
l=1

(βt1l − βt2l)1{x ∈ Ωt
l}

∣∣∣∣∣ ≤
T∑
t=1

Lt‖B1 − B2‖∞.

Following the proof of Lemma 6 of Jeong and Ročková (2023), the covering number of the

sieve set is thus upper bounded by

N(εn,Mn, ‖ · ‖∞)

≤L̄Tn
s̄n∑
s=1

(
p

s

)(
s max

1≤j≤p
bj(X )

)T L̄n
N
(
εn/(TL̄n), {B ∈ RT L̄n : ‖B‖∞ ≤ M̄}, ‖ · ‖∞

)
≤L̄Tn s̄nps̄n

(
s̄n max

1≤j≤p
bj(X )

)T L̄n (
3TL̄nM̄/εn

)T L̄n
.

Under Assumption 5 (i), that is, max1≤j≤p log bj(X ) . log n, the logarithm of the above

quantity satisfies

logN(εn,Mn, ‖ · ‖∞) . log L̄n + log s̄n + s̄n log p+ L̄n
(
log L̄n + log s̄n + log log n− log εn

)
. s̄n log p+ L̄n log n

using εn = n−α/(2α+q0)
√

log n and the choices of L̄n and s̄n given below the sieve set (D.1).

These choices immediately imply logN(εn,Mn, ‖ · ‖∞) . n ε2
n.

When it comes to the prior mass outside the sieve set, we follow the proof of condition
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(2.3) in Ročková and van der Pas (2020). It boils down to checking

T∑
t=1

Π
(
Lt > L̄n

)
+ Π

(
S : s > s̄n | Lt ≤ L̄n, t = 1, . . . , T

)
. e−n ε

2
n ,

with proper choices of L̄n and s̄n to be made later. Under Assumption 6 (i)(ii), one can

apply Corollary 7 of Ročková and Saha (2020) to get

log Π
(
Lt > L̄n

)
. −L̄n log L̄n . −L̄n log n,

for L̄n = bCn ε2
n/ log nc. Under Assumption 6 (i) with s̄n = bCn ε2

n/ log(p ∨ n)c, it follows

from the proof on page 50 of Jeong and Ročková (2023) that

Π
(
S : s > s̄n | Lt ≤ L̄n, t = 1, . . . , T

)
. e−n ε

2
n .

This leads to the bound in (D.4) and completes the proof of the posterior rate of contraction

for the Hölder continuous class.

We outline the modifications needed for the additive model. The first difference oc-

curs for the construction of the approximating ensemble Ê . For each 1 ≤ t ≤ T0, there

exists a tree partition T̂ t generating an approximating function m0,T̂ t,β̂t such that ‖mt
0 −

m0,T̂ t,β̂t‖∞ . εtn. An approximating ensemble Ê can be constructed by setting T̂ t as afore-

mentioned with 1 ≤ t ≤ T0, and taking the rest of the trees to be root nodes with no

splits. The remaining proof about the posterior rate of contraction is similar to the proof

of Theorem 7 of Jeong and Ročková (2023), and hence omitted.

The next lemma bounds the local empirical process term without assuming the Donsker

property. Compared with the more refined analysis in Han (2021), the following bound is

not sharp. Nonetheless, it is sufficient to show the validity of our debiasing step, under the

rate condition
√
n εn‖π̂n − π0‖∞ → 0.

Lemma D.2. Given the sieve set Mn over the tree ensembles in (D.1) and the posterior

rate of contraction εn, we have

E0 sup
mη∈Mn(εn)

|Gn(mη −m0)| .
√
nεn, (D.7)

where Mn(εn) := {mη ∈Mn : ‖mη −m0‖2,µ0 . εn}.

Proof. The function class Mn(εn) recenters Mn by subtracting m0 and it also restricts to

functions around the truth with a radius of order εn. We resort to the following inequality

as in Equation (2.6) of Han (2021):

E0 sup
mη∈Mn(σ)

|Gn(mη)| . inf
0≤ι≤σ/2

{√
nι+

∫ σ

ι

√
logN[](ε,Mn, L2(µ0)) dε

}
.
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The entropy integral term
∫ σ
ι

√
logN[](ε,Mn, L2(µ0)) dε comes from L2 chaining with

bracketing in the Gaussian regime using Bernstein’s inequality, starting from σ to ι. The

residual term
√
nι comes from the bound ‖m‖1,µ0 ≤ ‖m‖2,µ0 towards the end level ι of the

L2 chaining, where ‖ · ‖1,µ0 denotes the L1(µ0)-norm.

For the bracketing entropy bound, we first bound the entropy number in L∞-norm.

If m1, . . . ,mN are the centers of ‖ · ‖∞-balls of radius ε that cover Mn, one obtains the

brackets [mj − ε,mj + ε]. Each bracket has L2(µ0)-size of at most 2ε; see the proof of

Corollary 2.7.2 of van der Vaart and Wellner (1996). Given the entropy number in L∞-

norm established in Lemma D.1, we also have the upper bound for the bracketing entropy

number as logN[](εn,Mn, L
2(µ0)) . n ε2

n. By taking σ = εn and ι = σ/2, we then get the

desired upper bound E0 supmη∈Mn(εn) |Gn(mη)| .
√
nεn.

E Implementation of BART

We implement BART using the R package BART (Sparapani et al., 2021). Specifically,

the posterior of mη(Xi) is obtained by applying the function gbart with the argument

type = wbart for continuous outcomes. We generate 2,000 posterior draws after discarding

a burn-in of 500. The number of trees is set to T = 200. All BART priors follow the default

choices recommended in the package. We briefly summarize these priors below and refer

readers to Appendix B of Sparapani et al. (2021) and Section 2 of Chipman et al. (2010)

for further details. Some of the priors specified below differ from those in Assumption 6,

and we make the discrepancies explicit at the end of this appendix.

Consider the model Y ∼ N(mη(x), σ2) given X = x. The conditional mean mη(x) is ap-

proximated by an additive tree learner
∑T

t=1

∑Lt

l=1 β
t
l1{x ∈ Ωt

l}, where T t := (Ωt
1, . . . ,Ω

t
Lt)

denotes the structure (partition) of the t-th tree of size Lt, and βt := (βt1, . . . , β
t
Lt) ∈ RLt

denotes the step heights (leaf values) at Lt terminal nodes of the t-th tree. The structure

of each binary tree T t consists of three components: (i) the number of internal nodes,

(ii) the splitting variable at each internal node, and (iii) the splitting value for that vari-

able. The priors are as follows: (i) the probability that a node at depth δ is internal is

0.95(1 + δ)−2; (ii) the splitting variable is chosen from p covariates with the proportion

vector ϑ = (ϑ1, . . . , ϑp)
> ∼ Dir(θ/p, . . . , θ/p), where the hyperparameter θ is induced from

θ/(θ + p) ∼ Beta(0.5, 1); and (iii) the splitting value is chosen uniformly among the ob-

served values of the splitting variable. Conditional on T t, each step-height βtl follows a

normal prior with mean
∑n

i=1 Yi/n and standard deviation (maxi Yi−mini Yi)/(4
√
T ). The

noise standard deviation σ is endowed with inverse χ2 prior with ν = 3 degrees of freedom

and scale parameter λ chosen so that the 0.9 quantile of the prior equals σ̂, the residual

standard deviation from a linear regression of Y on X.

The posterior for the additive tree is drawn via a Gibbs sampler. Because the priors

on the step-heights βt and σ are conjugate, conditional on the tree structure T t, these

parameters can be drawn directly: βtl from a normal posterior and σ from an inverse χ2

distribution. Conversely, conditional on βt and σ, the tree structure T t is updated via a
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Metropolis–Hastings step detailed in Appendix C of Sparapani et al. (2021).

To implement the one-step corrected posterior method of Yiu et al. (2025) (One-step

BART), we need posterior draws of the propensity score function πη(x). For this, we im-

plement probit BART by calling the function gbart with type = pbart in R package BART.

The algorithm employs the data-augmentation technique of Albert and Chib (1993), in-

troducing a latent variable Ui with a truncated normal distribution given (Ri, Xi) and the

additive tree model (T t,βt)Tt=1:

Ui | Ri, Xi, (T t,βt)Tt=1 ∼ TNAi

(
T∑
t=1

Lt∑
l=1

βtl1{Xi ∈ Ωt
l}, 1

)
,

where Ai = (0,∞) (positive real line) if Ri = 1 and (−∞, 0) (negative real line) if Ri = 0,

and TNA denotes a normal distribution truncated to A. Here the binary variable entering

the probit step is the response indicator Ri in the missing data problem, and the treatment

indicator Di in the treatment effect setting of Appendix C; we write Ui for the latent

variable to avoid a clash with the observation vector Zi = (RiYi, Ri, X
>
i )>. The latent Ui

are then treated as the continuous outcome for BART. Section 4 of Sparapani et al. (2021)

gives more details on BART for binary outcomes.
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